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1. Introduction 

In this paper we solve the trigonometric quantized Knizhnik-Zamolodchikov (qKZ) equation associ- 
ated with the quantum group [/^(sb) ■ The trigonometric qKZ equation associated with U q (s\.2) is a 
system of difference equations for a function . . . , z n ) with values in a tensor product V\ ® . . . ® 

V n of £/ g (s[2)-modules. The system of equations has the form 

$!(zi,...,pz m ,...,Zn) = R m ,m-i{pz m /z m -i)...R m s(pz m /zi)K~ Hm X 

X Rm^n^Zm I Z n ) . . . R m ,771+1 ) ^ \Z\ , . . . , Z n ) , 

m = 1, ... where p and k are parameters of the qKZ equation, H is a generator of the Cartan 
subalgebra of [/^(sb) , H m is H acting in the m-th factor, Ri^ m (x) is the trigonometric i?-matrix 
Ry l y m (x) G End(Vj ®V m ) acting in the Z-th. and m-th factors of the tensor product of C/ 9 (sl2)-modules. 
In this paper we consider only the steps p with absolute value less than 1. 

The qKZ equation is an important system of difference equations. The qKZ equations had been 
introduced in [FR] as equations for matrix elements of vertex operators of the quantum affine algebra. 
An important special case of the qKZ equation had been introduced earlier in [S] as equations for form 
factors in massive integrable models of quantum field theory; relevant solutions of these equations had 
been given therein. Later the qKZ equations were derived as equations for correlation functions in lattice 
integrable models, cf. [JM] and references therein. 

In the quasiclassical limit the qKZ equation turns into the differential Knizhnik-Zamolodchikov equa- 
tion for conformal blocks of the Wess-Zumino-Witten model of conformal field theory on the sphere. 

Asymptotic solutions of the qKZ equation as the step p tends to 1 are closely related to diagonaliza- 
tion of the transfer-matrix of the corresponding lattice integrable model by the algebraic Bethe ansatz 
method [TV2] . 

We describe the space of solutions of the qKZ equation in terms of representation theory. Namely, 
we consider the elliptic quantum group E p ~ ( (sl2) with parameters p and 7 defined by p = e 2mp , 
q = e~ 27 ™ 7 and the i? Pi7 (sl2)-modules V*(zi), . . . , V^(z n ) where l^(z m ) is the evaluation Verma mod- 
ule over E p ^(sl2) which corresponds to the J7 g (sl2)-module V m . Notice that as a vector space the 
evaluation Verma module V^j(z m ) does not depend on z m . For every permutation r € S™ we consider 
the tensor product V^f (g> . . . V^f and establish a natural isomorphism of the space § of solutions of 
the qKZ equation with values in V\ ® . . . ®V n and the space V* <g> • • • <8> V* ® F , where F is the space 
of functions of z\, . . . ,z n which are p-periodic with respect to each of the variables, 

C T : V£ ® . . . ® V? n ® F -»■ § , 

cf. (5.32). Notice that if *&(z) is a solution of the qKZ equation and F(z) is ap-periodic function, then 
also F(z) i S(z) is a solution of the qKZ equation. 

We call the isomorphisms C r the tensor coordinates on the space of solutions. The compositions of 
the isomorphisms are linear maps 

C t , t ,(jsi, . . . , zn) : ® . . . ® V T e L -> V£ ® . . . ® VI 
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depending on z±,...,z n and p-pcriodic with respect to all variables. We call these compositions the 
transition functions. It turns out that the transition functions arc defined in terms of the elliptic 
i?-matrices Rye V e (x, A) e End(VJ e <S> V^j) acting in tensor products of _E P:7 (s[ 2 )-modules. Namely, for 
any permutation r and for any transposition (m, m + 1) the transition function 

C T , T . (mim+ i)(*i, • • • , z n ) ■ ® . . . ® V T e m+i ® V T e m ® . . . ® V T « - V£ ® . . . ® t/ e „ 
equals the operator P ve ve Ry[ ve (z T / z Tm , (r] H ® . . . ® 77^ ® ® . . . ® r/ -1 ^) twisted 

+ l T ™ + i m-th 

by certain adjusting maps, cf. (5.34) and Theorem 4.16. Here P V e Ve is the transposition of the tensor 

l m 

factors. 

We consider asymptotic zones \z Tm /z Tm+1 <C 1 , m = 1, . . . ,n — 1, labelled by permutations tgS". 
For every asymptotic zone we define a basis of asymptotic solutions of the qKZ equation. We show 
that for every permutation r the basis of the corresponding asymptotic solutions is the image of the 
standard monomial basis in ® . . . ® V* under the map 

v T \ ® . . . ® v? n -» ^ ® . . . ® ig? ® 1 ^ v£ ® . . . ® ig? ® f § , 

cf. Theorem 6.2. The last two statements express the transition functions between the asymptotic 
solutions via the elliptic i?-matrices. 

The trigonometric i?-matrix R V[V (x) € End (Vi®V m ) is defined in terms of the action of the quantum 

loop algebra Ug(gi 2 ) in the tensor product of L r 9 (st2)-modules. The quantum loop algebra U' q {Q[ 2 ) is 
a Hopf algebra which contains the quantum group U q {sl2) as a Hopf subalgebra and has a family of 
homomorphisms U q (gl 2 ) — ► U q (sl2) depending on a parameter. Therefore, each f/^s^-module V m 
carries a [/^(g[ 2 )-module structure V m (x) depending on a parameter. For Verma modules VJ, V m over 
U q (sl2) the quantum loop algebra modules Vi(x) ® V m (y) and V m (y)®Vi(x) are isomorphic for generic 
x,y. Moreover, for irreducible C/«j(s [2) -modules Vi, V m the quantum loop algebra modules Vi (x) ® V m (y) 
and V m (y) ® Vi(x) are irreducible and isomorphic for generic x,y. The map 

^W^WJz/y) :Vi{x)® V m (y) -» K m (i/) ® H(x) 
is the unique suitably normalized intertwiner [T] , [CP] . 

The elliptic i?-matrix Rye V e (x,X) € End(VJ e ® V^) is defined in terms of the action of the elliptic 
quantum group E Pi7 (sl2) in the tensor product of evaluation Verma modules. For evaluation Verma 
modules V t e (x), v£{y) over E Ptl (sl 2 ) , the E pri {s l 2 )- modules V, e (x) ® V£(y) and V^(y) ® Vf (x) are 
isomorphic for generic x, y . The map 

Pv-v-KwWv, A ) : TO ® ^ v m(y) ® TO 

is the unique suitably normalized intertwiner [F] , [FV] . 

Our result on the transition functions between asymptotic solutions together with the indicated con- 
struction of i?-matrices shows that the qKZ equation establishes a connection between representation 
theories of the quantum loop algebra U q (gl 2 ) and the elliptic quantum group E pn (sl 2 ) . Our result is 
analogous to the Kohno-Drinfeld theorem on the monodromy group of the differential Knizhnik-Zamolod- 
chikov equation [K] , [D2] . The Kohno-Drinfeld theorem establishes a connection between representation 
theories of a Lie algebra and the corresponding quantum group, see [D2]. Using the ideas of the Kohno- 
Drinfeld result it was proved in [KL] that the category of representations of a quantum group is equivalent 
to a suitably defined fusion category of representations of the corresponding affine Lie algebra. Similarly 
to the Kazhdan-Lusztig theorem one could expect that our result for the difference qKZ equation could 
be a base for a Kazhdan-Lusztig type result connecting certain categories of representations of quantum 
affine algebras and elliptic quantum groups, cf. [KS]. 

In this paper we consider the trigonometric qKZ equation. There are other types of the qKZ equation: 
the rational qKZ equation [FR] and the elliptic qKZB equation [F]. Here KZB stands for Knizhnik-Zamo- 
lodchikov-Bcrnard, and the difference qKZB equation is a discretization of the differential KZB equation 
for conformal blocks on the torus. 
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The rational qKZ equation was considered in [TV3] . It is a system of difference equations analogous 
to the trigonometric qKZ equation in which the role of the trigonometric i?-matrix is played by the 
rational i?-matrix defined in terms of the Yangian representations. In [TV3] we solved the rational qKZ 
equation in terms of multidimensional hypergeometric integrals of Mellin-Barnes type, introduced as- 
ymptotic zones and described transition functions between asymptotic solutions in terms of trigonometric 
i?-matrices, thus showing that the rational qKZ equation gives a connection between representations of 
Yangians and quantum affine algebras. 

The elliptic qKZB equation is an analogue of the trigonometric qKZ equation in which the role of 
the trigonometric i?-matrix is played by the dynamical elliptic i?-matrix [F]. The dynamical elliptic 
i?-matrix is a matrix acting in the tensor product of two evaluation modules over the elliptic quantum 
group E pn (sl2) , and the elliptic quantum group is an elliptic analogue of the quantum affine algebra 
U q {si2) associated with 5I2 [F], [FV]. The elliptic quantum group depends on two parameters: an elliptic 
curve C/(Z + pZ) and Planck's constant 7 . The elliptic qKZB equation is considered in [FTV1], [FTV2] 
where we solve it in terms of multidimensional elliptic q- hypergeometric integrals. We formulate and 
solve in [FTV2] a "monodromy" problem for the qKZB equation analogous to the problem of description 
of the transition functions for the rational and trigonometric qKZ equations. We describe in [FTV2] 
the "monodromy" matrices of the elliptic qKZB equation associated with the elliptic quantum group 
£79,7(2(2) in terms of the elliptic i?-matrix associated with the elliptic quantum group E an (st2) where 
a is the step of the initial qKZB difference equation, thus showing the symmetric role of the elliptic 
curves C/(Z + pZ) and C/(Z + aZ) in the story. 

In this paper, in order to establish a connection between representation theories of the quantum loop 
algebra U' q (Ql 2 ) and the elliptic quantum group E pn ($l2) we define a discrete analogue of a locally 
trivial bundle and a local system on the space of bundle. We define a discrete analogue of the Gauss- 
Manin connection for the discrete locally trivial bundle with a discrete local system and consider the 
corresponding difference equation. We identify that difference Gauss-Manin equation with the difference 
qKZ equation. To realize this idea we introduce a suitable discrete de Rham complex and its cohomology 
group in the spirit of [A] , then we define the homology group as the dual space to the cohomology group 
and construct a family of discrete cycles, elements of the discrete homology group, using ideas of [S]. 
We construct the space of discrete cycles as a certain space of functions. Having a representative of a 
discrete cohomology class (a function) and a discrete cycle (a function again) we define the pairing (the 
hypergeometric pairing) between the cohomology class and the cycle as an integral of their product with 
a certain fixed "hypergeometric phase function" over a certain fixed contour of the middle dimension. We 
show that there are enough discrete cycles and they form the space dual to the quotient space of the space 
of our discrete closed forms modulo discrete coboundaries. To prove this we compute the determinant 
of the period matrix and get an explicit formula (5.9) for the determinant analogous to the determinant 
formulae for the hypergeometric functions of Mellin-Barnes type [TV3] and for the "continuous" hyper- 
geometric functions [VI], cf. Loeser's determinant formula for the Frobenius transformation [L]. 

The form of our discrete cycles suggests a natural identification of the space of our discrete cycles with 
a tensor product of E p ) 7 (s I2 )- modules and this identification allows us to prove the result on transition 
functions between asymptotic solutions. 

The paper is organized as follows. Sections 2-6 contain constructions and statements and Section 7 
contains proofs. We give necessary prelimimnaries, proofs of technical results and some applications in 
Appendices. 

Parts of this work had been written when the authors visited the University of Tokyo, the Kyoto 
University, the Osaka University, the University Paris VI, the IHES at Bures sur Yvette, Ecole Normalc 
Superieure de Lyon, the MSRI at Berkeley, the ETH at Zurich. The authors thank those institutions for 
hospitality. The authors thank G.Felder, P.Etingof and E.Mukhin for valuable discussions. The authors 
also thank the referee for important comments. 

2. Discrete flat connections and local systems 

In this section we recall basic notions introduced in [TV3] . 
Discrete flat connections 

Let C x = C\{0}. Consider a complex vector space C™ called the base space. Let C x ™ be the 
complement of the coordinate hyperplanes in the base space. Fix a complex number p, such that 
p / 0, 1 , which is called the step. 
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The lattice Z" acts on the base space by dilations: 

I : (z u ...,z n ) ' * (p h z u ...,p ln z n ), leZ n . 

Let B C C x " be an invariant subset of the base space. Say that there is a bundle with a discrete 
connection over B if for any z £ B there are a vector space V(z) and linear isomorphisms 

A m (zi, . . . , z n ) : V(zi, . . . ) — > V(zi, . . . , z n ) , m = l,...,n. 

The connection is called flat (or integrable) if the isomorphisms Ai, . . . ,A n commute: 

(2.1) Ai(zi,...,z„)yl m (zi,... , pzi, . . . , z n ) = A m (z 1 ,...,z n )Ai(z 1 ,... 

Say that a discrete subbundle in B is given if a subspace in every fiber is distinguished and the family 
of subspaces is invariant with respect to the connection. 

A section s : z i—> s(z) is called periodic (or horizontal) if its values are invariant with respect to the 
connection: 

(2.2) A m {z x , . . .,z n )s(z 1 , . . . ,pz m , ...,z n ) = s(zi, ...,z n ), m=l,...,n. 
A function f(zi, . . . , z n ) on the base space is called a quasiconstant if 

f( Zl ,...,pz m ,...,z n ) = f(z!,...,z n ), m=l,...,n. 

Periodic sections form a module over the ring of quasiconstants. 

The dual bundle with the dual connection has fibers V*(z) and isomorphisms 

A* m {z\, ...,z n ) : V*(zi, z n ) -» V*{z\, . . . ,pz m , ...,z n ). 

Let si, . . . , sjv be a basis of sections of the initial bundle. Then the isomorphisms A m of the connection 
are given by matrices A^™) : 

N 

A m (z\, . . . , z n ) Sk(z\, . . . ,pz m , . . . , z n ) = ^ y A fcf (zi, . . . , z n ) si(z±, . . . , z n ) . 

i=i 

For any section ip : z t— ► ip(z) of the dual bundle denote by ^ : z \— > ^S(z) its coordinate vector, 
^k{z) — (ip(z),Sk(z)) . The section ip is periodic if and only if its coordinate vector satisfies the system 
of difference equations 

^(zi,...,pz m ,...,z n ) = A^ m \zi,...,z n )^(zi,...,z n ), m=l,...,n. 

This system of difference equations is called the periodic section equation. 

Say that functions tpi, - ■■ ,tp n in variables z\ , . . . , z n form a system of connection coefficients if 

lfl( Zl ,...,p Zm ,..., Zn )(p m ( Zl ,..., Zn ) = (p m {Z!,... ,pzi, . . . , z n )(fl(zi, ...,z n ) 

for all l,m = l,...,n. These functions define a connection on the trivial complex one-dimensional 
vector bundle. 

The system of connection coefficients is called decomposable if it has the form 

<Pm{zi, . . . , Z n ) = K m [ (j) lm (p~ 1 Zi/z m ) ]J <p m l{z m /zi), TO=l,...,7l, 

for certain functions <j>i m , I < m , in one variable and nonzero complex numbers n m . The functions 
4>i m are called primitive factors and n m are called scaling parameters . 

A function <&(zi, . . . , z n ) is called a phase function of a system of connection coefficients if 
3>(zi, . . . ,pz m , . . . ,z n ) = <p m (z 1 ,...,z n )$(z 1 ,...,z n ), m=l,...,n. 
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Similarly, a function <P(x) is called a phase function of a function <fr(x) in one variable if <P(px) = 
<fi(x)<&(x) . Notice that the phase functions are not unique. 

For any function f{z\, . . . , z n ) define new functions Qif, . . . , Q n f and D\f, . . . , D n f by the rule: 

(Qmf)(zi, ■ ■ ■ , Z n ) = <p m {z 1 ,...,Z n )f(zi,...,pZ m ,...,Z n ), 

and D m f = Q m f — f , m = 1, . . . , n . The functions D\f, . . . , D n f are the discrete partial derivatives 
of the function / . We have that DiD m f = D m Dif for any I, m = 1, . . . , n . 

Let F be a vector space of functions of z\, . . . , z n such that the operators Q\, . . . , Q n induce linear 
isomorphisms of F : 

Qm : F ^ F . 

Say that the space F and the connection coefficients . . . ,tp n form a one-dimensional discrete local 
system on C x ™. F is called the functional space of the local system. 

Define the de Rham complex (0*(F), D) of the local system in a standard way. Namely, set 

n a = {Lu= £ f kl ,...,k a Dz kl A... ADz ka } 

where Dz±, . . . , Dz n are formal symbols and the coefficients fk 1 ,... 7 k a belong to F . Define the differential 

n 

of a function by Df — ^2 D m f Dz m , and the differential of a form by 

m— 1 

Dlu = Df kl ,... ika ADz kl A .. . ADz ka ■ 

k\....,k a 

The cohomology groups H ,...,H n of this complex are called the cohomology groups of C xn with 
coefficients in the discrete local system. In particular, the top cohomology group is H n = F/DF where 

n 

DF = D m F . The dual spaces H a = (H a )* are called the homology groups. 

m—l 

Discrete Gauss-Manin connection 

There is a geometric construction of bundles with discrete flat connections, a discrete version of the 
Gauss-Manin connection construction. 

Let 7r : C e+n — > C™ be an affinc projection onto the base with fiber C e . C e+n will be called the 
total space. Let zi,...,z n be coordinates on the base, ti,. .. ,tt coordinates on the fiber, so that ti, 
. . . , ti , Zi, . . . , z n are coordinates on the total space. When it is convenient, we denote the coordinates 
Z\,...,z n by te+i, . . . ,t e+n . 

Let F , ipi,..., ife+n be a local system on C x ^ + "'. For a point z G C x " define a local system F(z) , 
<p a (-; z) , a = 1, ...,£, on the fiber over z . Set 

F W = {/L-i fzl I / e F} and ip a {-;z) = <p a \- 1( . ■ 

I IT (z) Iff (z) 

The de Rham complex, cohomology and homology groups of the fiber are denoted by (p,'(z), D(z)) , 
H a (z) and H a (z) , respectively. 

There is a natural homomorphism of the de Rham complexes 

(fi'(C x( ^ F), D) - (Q'(z),D(z)) , to i ^ w| w -i (jt) , 

where the restriction of a form is defined in a standard way: all symbols Dzi, . . . , Dz n are replaced by 
zero and all coefficients of the remaining monomials Dt kl A ... A Dt ka are restricted to the fiber. 

For a fixed a the vector spaces H a (z) form a bundle with a discrete flat connection. The linear maps 

A m (zi, ...,z n ): H a (zi, . . . ,pz m , ...,z n ) — > H a (zi, ...,z n ) 

are defined as follows. Define Q m : n a (C x< - l+n \F) -» fi°(C x ^ +n \F) by 

E Qmfk u ..., ka Dz kl A . . . A Dz ka . 
fei,...,fc a 
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Then Q m induces a homomorphism of the dc Rham complexes 

(fl'(zi, . . . ,pz m , z n ),D(zi, . . . ,pz m , z„)) — > (ti m (zi, z n ),D(zi, . . . , z n )) . 

We set A m (zi, . . . , z n ) to be equal to the induced map of the cohomology spaces. This connection is 
called the discrete Gauss- Manin connection. 

The Gauss-Manin connection on the cohomological bundle induces the dual flat connection on the 
homological bundle: 

^m( z l: ■ ■ • i z n) '■ H a {z\, . . . , Z n ) — ► H a (zi, . . . ,pz m ,...,z n ). 

Connection coefficients of local systems 

In this paper we study the Gauss-Manin connection for a class of local systems with decomposable 
connection coefficients, namely for trigonometric sfe-type local systems [TV3], for the rational case see 
[TV3] and for the elliptic case see [FTV1], [FTV2] . 

Primitive factors and scaling parameters of a trigonometric sl2-type local system have the following 
form: 

X — 77 

<t>ab{x) = - for a<b^£, 

r\x—\ 



<ab(x) 


€b-ex - 1 
x - £b-e 


for 




<b, 


<ab(x) 


= 1 


for 


I < a 


<b. 




= K 


for 








= 1 


for 


I < a 





Such a system of connection coefficients depends on n + 2 nonzero complex numbers £i, . . . , £ n , r),K. 
The connection coefficients of a trigonometric s^-type local system have the form 

/r. o\ / 1 \ TT imta — Z m -pi- t a — T]tb T T pt a — 1)t\, 

(2 - 3) ftM = s nru; n ^rr b n ^^-^ «=i.-.<. 

m=l ' a<b^.£ l^b<a 

/ , \ I I t a — p £ m Z m 

^+ m (t,z) = _[_[ — — , to = 1, . . . ,n. 

a— 1 ^ m P^m 

Let $(ai;a) be a phase function of the function (ia — l)/(xa _1 — 1) . Then a phase function of the 
system of connection coefficients is given by 

(2.4) ®(ti,...,te,zi,...,z n ) = f(ti,...,te,zi,...,z n )$(ti,...,te,zi,...,z„) 
where 

n I 

(2.5) ^(t 1 ,...,t e ,z 1 ,...,z n ) = Y[ l[ $(t a /z m ;Z m ) H ^(ta/h-n- 1 ) 

m=l a=l l^a<b^£ 

and f(t\, . . . , te, z\, . . . , z n ) is an arbitrary function such that 

n 

(2.6) f(t 1 ,...,pt a ,...,t i ,z 1 ,...,z n ) = K r ] e - 2a+1 Yl^ 1 f(tu...,t i ,z 1 ,...,z n ), 

m— 1 

f(tl,...,tt,Zl,...,pZ m ,...,Z n ) = ^ n f{t\,...,ti,Z\,...,Z n )- 

Later in this section we will describe a convenient space of such functions called the elliptic hyper- 
geometric space. 

The function . . . , te, Z\, . . . , z n ) will be called a short phase function. 
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Example. Let < \p\ < 1 . Let (u)^ = ]^[ (1 — p k u) . We can take 

fe=0 

Then the phase function <£(x; a) has a symmetry property 

(xa — 1) 6{xa) 



${-x;a) = @(x;a) 



(x — a) a9(x/a) 



where 9{u) = {uj^pu 1 ) 00 (p) 00 is the Jacobi theta-function. The symmetry property for <P(x; a) leads 
to a symmetry property 

(9 7\ <b(t + + + „ ^ *c+ * , * ^ ( f ° ~ !Z^±ij ^(^'^/Wi) 
(^•7 j «>(ti, . . . ,t a+ i,t a , . . . ,tt,zi, . . . , z„J — 3>(ii, . . . ,tt, zi, . . . , z n ) — — — 

(T}ta — t a +l) o{rjta/t a +l) 

of the short phase function of the system of connection coefficients. This property motivates definitions 
(2.9) and (2.29) of certain actions of the symmetric group. 

The functional space of a trigonometric sh-type local system 

Define the functional space T of a trigonometric sl 2 -type local system as the space of rational func- 
tions on the total space C i+n with at most simple poles at the following hyperplanes: 

(2.8) f a = p s+1 £~ 1 z m , t a =p- s £, m z m , t a =p s+1 r]t b , t b =p s nt a , 

1 ^ a < b ^ I , m = 1, . . . , n , s 6 , an d any poles at the coordinate hyperplanes t a = , a = 1, 
...,£, and z m — , m = 1, . . . , n . It is easy to check that the functional space is invariant with respect 
to all the shift operators Qf 1 , . ■ . , Qt 1 - 

Define an action of the symmetric group S e on the functional space: 



(2.9) u:T^T, /-[/],. ^S', 

[f] a (h, ■ ■ ■ ,te, Zi, . . . ,Z n ) = /(fen, • • • ,t at ,Zi, . . . ,z n ) j[ 



l<a<6<* ' CTb 

The operators Qi, . . . , Qi+ n and D\, . . . , Dg +n commute with the action of the symmetric group. 
We extend the S^-action to the de Rham complex assuming that it respects the exterior product and 

a : Dt a i ► Dt aa , a : Dz m i-> Dz m , a e S l . 

The same formulae define an action of the symmetric group on the de Rham complex of a fiber. The 
homomorphism of the restriction of the de Rham complex of the total space to the de Rham complex of 
a fiber commutes with the action of the symmetric group. The action of the symmetric group induces an 
action of the symmetric group on the homology and cohomology groups. The Gauss-Manin connection 
commutes with this action. 

If a symmetric group acts on a vector space V, we denote by V s the subspace of invariant vectors 
and by V A the subspace of skew-invariant vectors. 

In this paper we are interested in the skew- invariant part H^(z) of the top cohomology group of a 
fiber. This subspace is generated by forms f Dt\ A ... A Dtg where / runs through the space T s {z) of 
invariant functions. 

Introduce an important trigonometric hypergeometric space T C T s as the subspace of functions of 
the form 

£ " 1 1 / _ / 

(2.io) pfc,. ..,*„) n*-n Ur^nr n iHr h 

where P is a polynomial with complex coefficients which is symmetric in variables f i , . . . , tg and has 
degree less than n in each of the variables fi, . . . , te . The restriction of the trigonometric hypergeometric 
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space to a fiber defines the trigonometric hyper geometric space J-(z) C T s {z) of the fiber which is a 
complex finite-dimensional vector space. If required, we will write down explicitly dependence of the 
trigonometric hypergeometric spaces on z\, . . . , z n , £1, . . . , £ n an d £ , that is 

T = T[zi, ...,z n ;^,.. .,&,£] and T(z) = T\z\, . . . , z n ; d, . . .,£ n ;£](z) . 

A form f Dt\ A ... A Dtt with the coefficient / in the trigonometric hypergeometric space of a fiber 
is called a hypergeometric form. The subspace H(z) C H^(z) of the top cohomology group of a fiber 
generated by the hypergeometric forms is called the hypergeometric cohomology group. 

The union of the hyperplanes 

(2.11) ZiUzi/zm = P B V r , r = 0,...,£-l, seZ, 

l,m — l,...,n, I ^ m, in the base space C™ is called the discriminant. The complement to the 
discriminant in C xn will be denoted by B. 

(2.12) Theorem. [V3], [TV1] The family of subspaces {T~t(z)} zeB is invariant with respect to the 
Gauss-Manin connection and, therefore, defines a discrete subbundlc. 

This subbundle is called the hypergeometric subbundle. 

Later on we make the following assumptions. We always assume that the step p is such that < \p\ < 
1 , and the parameters n , k , £i, . . . ,£ n , z\, . . . , z n are nonzero. We often assume that the parameter 
n is such that 

(2.13) rf^P s , r =!,...,£, seZ, 
the parameters Ci> . . . , £„ are such that 

(2.14) &^J»V, m=l,...,n, r = 1 -£,...,£- 1 , seZ, 
and the coordinates z\ , . . . , z n obey the condition 

(2.15) Zf^zt /zm ? p'rf , l,m=l,...,n, l^m, seZ, 
for any r = 1 — ...,£— 1 and for an arbitrary combination of signs. 

n n 

(2.16) Theorem. Let k ^ p s rf r J] Cm and k ^ p- 5 "V II C™ 1 , r = 0, 1, s e Z >0 • Let 

m— 1 rn — 1 

< |p| < 1 . Let (2.13) - (2.15) hold. Then 



n + t-l 
n-l 



dim7Y(z) = dim^(z) = 
This means that 

(2.17) H(z) ~ .F(z). 

In what follows we will consider in detail only two of the special values of the scaling parameter k 

n n 

mentioned in Theorem 2.16, namely k = n 1 ^ 1 f\ Cm and n = p~ x n l ~ l JJ C m \ which correspond to the 

m— 1 m— 1 

values r = £ — 1 and s = . In principle, all other special values of the scaling parameter k can be 
considered similarly. 

n n 

(2.18) Theorem. Let either k = n 1 ^ Jl Cm or n = p" 1 ?/ -1 U C" 1 . Let < |p| < 1 . Let (2.13) - 

m— 1 m— 1 

n + ^-2 



(2.15) hoJd. If l\ p s n r for all r = £-!,..., 2£-2 and s eZ, <0 , then dimH(z) ■ 

m=l V « — 2 

Theorems 2.16 and 2.18 follow from Theorems 5.9 and 5.10, 5.11, respectively, and Lemma 7.7. 

Theorem 2.16 means that if the value of the scaling parameter n is not special, then every nonzero 

n n 

hypergeometric form defines a nonzero cohomology class. If either n — n 1 ^ 1 Y\ Cm or n = p^rf^ 1 f\ C m \ 

m— 1 m— 1 

then Theorem 2.18 says that there exist exact hypergeometric forms. We describe them in Lemma 2.23. 
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Bases in the trigonometric hypergeometric space of a fiber 

The finite-dimensional trigonometric hypergeometric space T(z) of a fiber has n! remarkable bases. 
These bases will allow us to identify the geometry of an s[ 2 -type local system with representation theory. 
The bases are labelled by elements of the symmetric group S™. First we define the basis corresponding 
to the unit element of the symmetric group. 

Let 

(2.19) 2% = {l£Z| | ± l m =l}. 

m—l 

m 

Set [ m — Y^, h ■ In particular, [° = , [" = I . For any I <G Z™ define a rational function wi G T as 

fe=i 

follows: 

(2.20) ^,.,^nn^E nn(r77 n f^ zi 

71 i / ~~ i ,-ti a sm^m ... , h a s> 

fe=l 8=1 treS f m=l agr m l^(<m 



2( 



where T m = {1 + t m 1 , . . . ,l m } , m = 1, . . . , n . The functions W[ are called the trigonometric weight 
functions. 

(2.21) Lemma. Let I G Z™. Then 

^ — 4 



w l (t 1 ,...,te,z 1 ,...,z n ) = J] 



l^.a<b^.t 

< e {ft ik^t- n n ^} 

ae_r ; ,6er m 

where the summation is over all n-tuples A, . . . , L„ of disjoint subsets of {1, . . . ,£} such that r m has 
l m elements. 

The lemma is proved in Appendix A. 

Example. For I = 1 the trigonometric weight functions have the form 

n tl T-r &tl - 2; 

W e(rn) (tl, *!,...,*„) = — — — || 

where e(m) = (0, . . . , 1 , . . . , 0) , m = 1, . . . , n . 

m-th 

Example. For n = 1 the function u;^) has the form 

ta t r t a t\) 



ci ^) = nHk n 



a=l lA,^-'* 

Example. For £ = 2 and n = 2 the functions W[ have the form 

*1*2 tl - t2 

W(2,0)(tl,t2,Zl,^2) = 7- 7 TTT 7 7— — , 

(tl -£lZl){t2 -£lZl) f]ti -t 2 

. n tit 2 £lt2 — 2l 

W(l,l) tl,t 2 ,Zl,Z 2 ) = 77 7 77- 7 7 7 7 + 

(*1 - £l2l) (*2 - £222) *2 - £lZl 

*i*2 - 21 ti - r?t 2 

(t 2 - 621) (ti - 622) ti - 621 rjti - t 2 

, x _ tlt2 (£1*1 - 21) (£it 2 - 2l) ti - t 2 

W{oMtl ,t 2 , Zl ,z 2 ) - - - — - _ — - — - — ^—j- 
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(2.22) Lemma. The functions W[ , I € Z™ , restricted to a fiber over z form a basis in the trigonometric 
hyper geometric space T{z) of the fiber provided that ^ m z m /zi ^ rf , 1 ^ I < m < n for any r = 0, 
...,t-l. 

Lemma 2.22 is proved in Section 7. 

Let e(m) = (0, . . . , 1 ,...,0), m=l,...,n. 

771-th 

n 

(2.23) Lemma. Let k = r] 1 ~ e J| £ m . Then for any I e Z} 1 _ 1 the following relation holds: 

m—l 

n i 

E W <+e(™) (! ~ + - I'-C) II T^i = (1 - V) E D « M^, ■ ■ ■ ' *<)] (1 a) . 

m=l a=l 

where (l,a) £ S £ are transpositions. Moreover, if IZ(z) is the subspace in T{z) generated by the 
elements in the left hand side of the relations, then 

provided that £ m z m / ' z\ ^= rj r > 1 ^ I ^ m ^ n , for any r = 0, . . . , I — 1 . 

n 

(2.24) Lemma. Let n = p -1 ?/ -1 T\ Then for any I £ -Z™_ 1 the following relation holds: 

m— 1 

n I 
m=l a=l 

where (l,a) £ S £ are transpositions. Moreover, if IZ'(z) is the subspace in F{z) generated by the 
elements in the left hand side of the relations, then 



dim T(z)/1l'(z) 



n + i-2 
n-2 



provided that £, m Zm/ ' zi ^= rj r , 1 ^ I ^ m ^ n , for any r — 0, ...,£— 1 . 
Lemmas 2.23 and 2.24 are proved in Section 7. 

The subspaces 1Z(z),1Z' (z) C T{z) are called the coboundary subspaces. 

n 

For k = J] 1 ^ 1 J| £ m relations (2.23) induce the relations 

m— 1 

n 

Y J \ w ^n)Dt 1 h...hDU\{l-^ +1 )(i m -f 1 1 -^ 1 ) n^' ! 6-0, 

m=l l<J<m 

in the cohomology group H i (z) , where L a J denotes the cohomological class of a form a . Under 
assumptions of Theorem 2.18 we have 

(2.25) H(z) ~ T{z)/n{z). 

n 

Similarly, for k = p _1 7^ _1 \\ relations (2.24) induce the relations 

m— 1 

n 

E L^i+e( ro) ^i A ... A Di,J (1 - r/"> +1 ) {U - r,^ 1 ) z m T\ r/^" 1 = 0, I € 2%_ x , 

m=l l<J<m 

in the cohomology group H t {z) , and under assumptions of Theorem 2.18 we have 

(2.26) H(z) F(z)/K'(z) . 

For any permutation r £ S" we define a basis {w^ } [£2 „ in the trigonometric hypergeometric space 
of a fiber by formulae similar to (2.20). Namely, set 

(2.27) wj(ti, . ..,tt, zi, ... ,z n ;£i, ■ ■■ ,£ n ) = w n (ti, ■ ■ ■ ,k,z Tl , . . . ,z Tn ;£ Tl , . . . ,£ Tn ) 
where T [ = (l Tl , . . . , i Tn ) . 
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Example. For I = 1 and a permutation r = (n, n — 1, . . . , 1) the trigonometric weight functions have 
the form 

w ^ zi -- zn) = T^u^ n *r^- 

T/ie elliptic hyper geometric space 

In our study of the Gauss-Manin connection for the discrete local system (2.3) an important role is 
played by the following elliptic hypergeometric space. The elliptic hypergeometric space is an elliptic 
counterpart of the trigonometric hypergeometric space introduced above. 

All over this section we assume that < |p| < 1 . Let 6{u) = (u;p) 00 (pu^ 1 ;p) 00 (p;p) 00 be the Jacobi 
theta-function. 

The elliptic hypergeometric space T eU is the space of functions of variables t\, . . . , te, Zi, . . . , z n 
spanned over C by functions which have the form 



n t j 

Y(z 1 ,...,z n )G(t 1 ,...,t e ,z 1 ,...,z n ) Y[ II mc-U i — \ II 



9{ta/t b ) 



A L\ m^ta/Zm) 0( V t a /t b ) ■ 

Here Y is a meromorphic function on C x ™ and is a holomorphic function on C x ^ + "), symmetric in 
the variables ti,...,tf, we assume that the functions Y and have the properties 

n 

0(ti, ■ ■ ■ ,pt a , ...,tt,zi,...,z n ) = {-t a )~ n k n Z m 0(ti, ...,ti,Zi,...,Z n ), 

Y(zi, . . . ,pz m , . . . , Z n )0(tl, . . . ,te, Zl, . . . ,pz m , . . . , Z n ) = 

e 

= (-p/z m ) n J] t a Y(Zi, . . . , Z n )9(tl, . . . ,t t , Zi, . . . , z n ) . 
a=l 

The restriction of the elliptic hypergeometric space to a fiber defines the elliptic hypergeometric space 
T tU {z) of the fiber. The elliptic hypergeometric space T eU (z) is a complex finite-dimensional vector space 
of the same dimension as the trigonometric hypergeometric space of the fiber, see Appendix B. 
All elements f(t, z) of the elliptic hypergeometric space satisfy the periodicity conditions 



(2.28) f{t 1 ,...,pt a ,...,t e ,z 1 ,...,z n ) - K^- 2o+1 n ^- 1 f(ti,...,t e ,z 1 ,...,z n ), 

m—l 

f(ti,...,tt,zi,...,pz m ,...,z n ) = ^f(ti,...,tt,Zi,...,Z n ). 

(cf. (2.6)). Therefore, if $(t, z) is a short phase function given by (2.5) and f(t,z) is any element of 
the elliptic hypergeometric space, then <!>(i, z)f(t, z) is a phase function of our discrete local system. 

Transformation properties (2.28) also mean that the elliptic hypergeometric spaces of fibers over z 
and z' are naturally identified if the points z and z' lie in the same orbit of the Z"-action on the base 
space. 

We give basic facts about the elliptic hypergeometric space in Appendix B. 

If required, we will write down explicitly the dependence of the elliptic hypergeometric spaces on k , 
Z!,...,z n , £i , . . . , £„ and I , that is 

Jin = £u[k;zi, . . . ,z n ;£i, . . . ,£ n ;t] and T eU {z) = JiuW, zi, . . . , z n ; . . . , £„; £](z) . 

Introduce a new action of the symmetric group on functions, 



(2-29) / i ► [f] a , o~ G , 

n e{ n -H a jt aa ) 



r (ti,...,ti,Zi,..., Z n ) = f(t ai , ...,t ae ,Zi,...,Z n ) | [ 
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The elliptic hypergeomctric space is invariant with respect to this action. The action commutes with 
the restriction of functions to a fiber. 



The elliptic hypergeometric space of a fiber has n\ remarkable bases. The bases are labelled by 
elements of the symmetric group S™. First we define the basis corresponding to the unit element of the 
symmetric group. For any [ G define a function W[(t, z) as follows: 

(2.30) W l (h,...,t e ,z 1 ,...,z n ) = 



k-- 



where T m = {1 + [ m 1 , . . . , P™} and n m = k J| £z II m = 1, . . . , n . The functions W\ are 

called the elliptic weight functions. 



(2.31) Lemma. Let I E Z%. Then 

Wi{t u ---,tt,zi,...,z n ) = Y\ 



X 



X r^rMk a \r} ^t a /z m ) ^ 6^h a / Zl ) ) 6{t a /t b ) 

aer t .ber m 

where K[ ;TO = k j [ V ^^i ! I V'^i" 1 an d the summation is over all n-tuplcs ■ • ■ , r n of disjoint 
subsets of {1,...,£} such that T m has l m elements. 
The lemma is proved in Appendix B. 

Let Yi{z) be any meromorphic function such that 

(2.32) Y f (z u ... ) = a ly7n Y l (z 1 , ...,z n ) 

where a r , m = T\ v^'H^m U ^H^C'S 

m = 1, . . . , n . Then the product Y[{z)W[{t, z) is an element of the elliptic hypergeometric space. The 
function Yj will be called an adjusting factor for the weight function W\ . The adjusting factors can be 
chosen to be meromorphic functions in parameters n , £i, . . . , £„ and k . 

Example. Let a, . . . , c n be arbitrary nonzero complex numbers. Let a^i, . . . , be the same as in 
(2.32). Then the function 

Y l (z u ...,z n ) = || 
is an adjusting factor for the weight function W{ . 

Notice that an adjusting factor is not unique. In what follows we never need to know the adjusting 
factors explicitly. 

Example. For I = 1 the elliptic weight functions have the form 
W e{m) (t u z 1 ,...,z n ) - || 



where K m — k J] ^ J] ^ 1 , m=l,...,n. 
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Example. For n = 1 the function W(t) has the form 
Example. For £ = 2 and n — 2 the functions W\ have the form 

^(K- 1 6tl/^l)^(K" 1 6*2/^l) 0(tl/t 2 ) 



W( 2 ,0) (il,^2,Zl,Z2) 



e(^H 1 /z 1 )e(^ 1 t 1 /z 2 )e(^H 2 /z 1 ) "' %fi/f 2 ) ' 



W(q i2 ) (h,t 2 ,zi,z 2 ) 



9^ 2 1 t 1 /z 2 )6(^ 1 t 2 /z 2 )6(^ 1 t 1 /z 1 )9(^ 1 t 2 /z 1 ) Ofrh/ti) 



(2.33) Lemma. The functions Wt , I G 2™, restricted to a fiber over z form a basis in the elliptic 
hyper geometric space T eU (£) of the fiber, provided that £,i£ m z m /zi ^ p s rj r , 1 < I < m ^ n , for any 
r = 0, . . . , £ — 1 , seZ, and n ] j £ ; f] ^ p s ry r for any m = 1, . . . , n — 1 and r = 1 — £,... , 

£-1, s e Z . 

Lemma 2.33 is proved in Section 7. 

Let Q(.z) be the space of functions of the form 

£ [W(f 2 ,...,f,)] ff , 

it£S ( 

where PL G .75, [fT 1 

/t; ^i, . . . , z n ; £i, . . . , £„; £ — l](z) • Let Q'(z) be the space of functions of the form 



res? 



\\w(t 1 ,...,t e - 1 )t^l[ 



i 0(£ m t(/z m ) 



t=t* 



where VF G ^([^k; z\, . . . , z n ;£i, — l](z) • In general, the spaces Q(z) and Q'(z) are not sub- 
spaces of the elliptic hypergeometric space of the fiber T Bll [z) , because their elements do not have the 

n 

required quasiperiodicity properties. However, if k = rj 1 ~ e f] £ m , then the space Q(z) is a subspace of 

m—l 

n 

Jiu(z) , and if k = p -1 ?/ -1 J| then the space Q!{z) is a subspace of Ji u {z) . The spaces Q(z), Q'(z) 

are called the boundary subspaces. 

For any function /(ti, . . . , tg) and a point t* = (t\, . . . , f|) we define the multiple residue Res /(f) 
by the formula 

(2.34) Res/(f)| t=t , = Res ( . . . Res /(f 1; . . . ,t/)| t<=t j. • • ) | ti=t .. 
For any [ G Z™ define the points x > [ , y < [ G C x£ as follows: 

(2.35) a;>[ = fa 1 -' 1 ^, f? 2_ll ^i«i, • • • ,£izi, rf^'&Zi, ■ ■ ■ , &z 2 , ... , ^"Hn^, ■ ■ • , , 
Example. Let £ = 1 and [ = (0, . . . , 1 , . . . , 0) . Then x > I = £ m z m and y< I = £, m lz m ■ 



13 



(2.36) Lemma. Let r] r ^ p s for any r = 1, ...,£— 1, s G Z. Assume that £ ; 1 £, m z l z m ^= p s r] r , 
I, m = 1, . . . , n , I 7^ m , for any r = 0, . . . , £ — 1 , seZ. Then Res /(t) I = for any f G Q(z) 

n 

and m G Z™. Moreover, if k = r] 1 ~ i Y\ £m and rf ^ p s , sGZ, then 

711—1 

Q(z) = { / e | Res /(t)| = for any m G 2?} . 

(2.37) Lemma. Let rf ^ p s for any r = 1, ...,£— 1, s G Z. Assume that £i£ m ~ zf 1 z m ^ p s rf , 
I, m = 1, . . . , n , I ^ m, for any r = 0, ...,£— 1 , seZ. Then /(y < m) = for any / G Q'(z) and 

n 

m G Z". Moreover, if k = p -1 ?/ -1 f] £ m x and if ^ p s , s G Z, then 

m— 1 

Q'(z) - {/ G | /(»<m) - for any m G Z?} . 

Lemmas 2.36, 2.37 are proved in Appendix B. 

Example. Let ^ = 1. Then the spaces Q(z) and Q'(-z) are one-dimensional. The space Q(z) is 
the space of constant functions in one variable, and the space Q'(z) is spanned by the function 

0{£ m ti/z m ) 



w(h) = tr 1 n 



dim F eU (z)/Q(z) = 



n 

Let k= Y\ £m ■ Then functions of the elliptic hypergeometric space of a fiber T eU {z) are p-periodic. 

m— 1 

The space T dl {z) has a one-dimensional subspace of constant functions which is the boundary subspace 
Q(z) . The constant functions are the only functions in T c]1 {z) which are regular in C x . The regular 
elliptic weight function is Wn _ o) = 1 • 

n 

Let k = p^ 1 Y\ S.m 1 ■ Then the elliptic weight function W(o,...,o,i) equals — ^^ZnW and generates 

m— 1 

the boundary subspace Q'(z) C T eU {z) . The function W is the only function in J^ a (z) which vanishes 
at all the points ^ 1 zi, . . . , C T ^ 1 z„ . 

n 

(2.38) Lemma. Let k = r/ 1 ^ J] £m • Let rf ^ p s for any r = 2, . . . , £ , s G Z. Then 

rn — 1 

'n + £~2^ 
n-2 

Moreover, the equivalence classes of functions W\, \\ = , I £ 2 ( ", restricted to a fiber over z form a 
basis in the space T eU {z)IQ,{£) , provided that £,i£ m Zm/ z i ^ p s rf , 1 I < m ^ n, for any r = 0, . . . , 
£-l,seZ,and J] (t P s V r , m = 1, . . . , n - 1 , fro any r = 0, . . . , 2£ - 2 , s G Z . 

1 ^ / ^ m 

n 

(2.39) Lemma. Let k = p' 1 ^' 1 U C" 1 . Let rf ^ p s for any r = 2, . . . ,£ , s G Z . Then 

m— 1 

+ £ - 2^ 
n-2 

Moreover, the equivalence classes of functions W\ , l n = 0, [ G Z™, restricted to a fiber over z form a 
basis in the space Jiu{z)/Q'{z) , provided that £,i£ m z m /zi ^ p s rf , 1 ^ I < m ^ n for any r = 0, . . . , 
£-l,seZ,and Jl ¥= P s V r , m = 1, . . . , n - 1 , fro any r = 0, . . . , 2£ - 2 , s G Z . 

Lemmas 2.38, 2.39 are proved in Appendix B. 

For any permutation r G S" we define a basis {WT"}!^™ m the elliptic hypergeometric space of a 
fiber by formulae similar to (2.30). Namely, set 

(2.40) Wffa, . . . ,t e ,Z!, . . . ,z„;£i, . . . ,£„) = WT l (t 1 ,...,t e ,z Tl ,...,z Tn ;^ Tl ,...,^ Tn ) 
where T l = (l Tl ,i Tn ) . 

Example. For £ = 1 and a permutation r = (n, n — 1, . . . , 1) the elliptic weight functions have the 
form 

where ^ m = re [] II 6 > m = 1, . . . , n . 

1 / < rn m<l^n 



dim F eU (z)/Q'(z) = 
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3. i?-matrices and the qKZ connection 

Highest weight U q {si2) -modules 

Let q be a nonzero complex number which is not a root of unity. Consider the quantum group U q (sl2) 
with generators E, F, q ±H and relations: 

q H q- H = q- H q H = 1, 
q H E = qEq H , q H F = q~ 1 Fq H , 

q-q 1 

Let the coproduct A : U q (sl2) — > E/gCsb) ® ^(sb) be given by 

A(£) = E ® q- H + q H ® E , A(F) = F ® q~ H + q H ® F . 

The coproduct defines a f/^s^-module structure on a tensor product of £/ g (sl2)-modules. 

For a [/ 9 (s ^-module V let V = Va be its weight decomposition. Let V* = V A * be its restricted 

A A 

dual. Define a structure of a £/,j(s ^-module on V* by 

(E<p, x) = (ip, Fx) , (Fip, x) = (ip, Ex) , (q ±H p, x) = (<p, q ±H x) . 

This J7 g (Bl2)-module structure on V* will be called the dual module structure. For any f7 g (s ^-modules 
V\, V<i , the tautological map Vf ® V 2 * — ► (Vi ® V2)* is an isomorphism of C/ g (sl2)-modules. 

00 

Let V be the [/ g (s[ 2 ) -module with highest weight q A . Let V — Va_; be its weight decomposition. 

(=0 

For any nonzero complex number u define an operator u A ~ H E End(V) by u A ~ H v — u l v for any 
v e V A -i ■ 

Let Vi,...,V n be U q (sfe) -modules with highest weights q Al , . . . , q An , respectively. We have the 
weight decompositions 

00 00 
Vi ® . . . ® V„ = (Vi ® . . . ® V„) £ and (Vi ® . . . ® V„)* = (Vi ® . . . <g> V„)| 
£=0 e=a 

EA m -< 

where () e denotes the eigenspace of q with eigenvalue q m=1 

Let F(Vi ® . . . ® C (Vi ® . . . ® V„)| be the image of the operator F. Let (Vi ® . . . 

y^ymg (Vi ® . . . ® V n ) e be the kernel of the operator E . There is a natural pairing 

(3.1) (Vi ® . . . ® V n )f ™ 9 ® (Vi ® . . . ® V n )|/F(Vi ® . . . ® V„)l_! C . 
Let 

z\ i • • • ) Zn be nonzero complex numbers. Set 

n n 

Ez = ^2 q H ® • • • ® ^m-E ® • ■ ■ ® <Z ff and F z = ^ <7~ ff ® . . . ® z m F ® . . . ® q H . 

■ m-th t m-th 

m— 1 m— 1 

Let F z (Vi ® . . . ® Vn)^! C (Vi ® . . . ® V„)| be the image of the operator F z . Let (Vi ® . . . ® V n ) s ™ z 9 
C (Vi ® . . . ® V n ) e be the kernel of the operator E z . There is a natural pairing 

(3.2) (Vi ® . . . ® V n )f™ 9 ® (Vi ® . . . ® V n y t /F z (Vi ® . . . ® V n )|_! -» c . 

Let Vi, . . . , V n be Verma modules, then pairings (3.1) and (3.2) arc nondegencrate provided 



m— 1 s— 
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The trigonometric R-matrix 

Let Vi,V2 be Verma modules for U q (sl 2 ) with highest weights q Al , q A2 and generating vectors v\,v 2 , 
respectively. Consider an End {V\ (g) V2)-valued meromorphic function R ViV2 (x) with the following prop- 
erties: 

(3.3) R ViV2 (x){F®q- H +q H ®F) = (F®q H +q- H ®F)R ViV2 (x), 
R VlV2 (x)(F®q H +xq- H ®F) = {F®q~ H +xq H ®F)R ViV2 (x) 

in End(y! ® V 2 ) and 

(3.4) R ViV2 (x)vi ® v 2 = v\ <g> v 2 ■ 

Such a function R ViV2 (x) exists and is uniquely determined. R ViV2 (x) is called the sl 2 trigonometric 
R-matrix for the tensor product V\ <S> V 2 ■ 

The trigonometric R- matrix R Vi y 2 (x) also satifies the following relations: 

(3.5) R ViV2 (x){E®q- H + q H ® E) = (E ® q H + q- H ® E) R Vi y 2 (x) , 
^(jJf^^g^+^gB) - {xE®q- H +q H ®E)R ViV2 {x), 

R ViV2 (x) q H ®q H = q H ® y2 (x) . 

In particular, i? ViV - 2 (x) respects the weight decomposition of V\ ® V 2 . 
R ViV2 {x) satisfies the inversion relation 

(3-6) P ViV2 R ViV2 (x) = (Ry^ix- 1 ))- 1 P ViV2 

where P v v ■ V\ ® V 2 — > V 2 ® V\ is the permutation map. 

oo 

Let V\ ® V 2 = be the decomposition of the ?7 g (s[2)-module V\ ® V 2 into the direct sum of 

1=0 

irrcducibles, where the irreducible module is generated by a singular vector of weight g A i+ A 2~ ( . 
Let IlO be the projector onto V"^) along the other summands. Then we have 

oc l—l 2s — 2Ai— 2A2 

(3-7) w*),= e n( ° • n ^:' 2 A 1+2A2 -2, 

where 

R ViV2 (OO) = q *^-™®H £y _ 1)2 fe j-j (1 _ ?2s) -l [q-H£j g ff F) fe _ 

Let Vi, V2, V3 be Verma modules. The corresponding i?-matrices satisfy the Yang-Baxter equation: 
(3-8) R VlV2 (x/y) R ViVs (x) Ry 2 y 3 (y) = Ry 2 y 3 (y) R ViVs (x) R ViV2 (x/y) . 

All of the properties of R v v (x) given above are well known (cf. [T], [Dl], [J], [CP]). 

The quantum loop algebra U' q (gl 2 ) 

The trigonometric .R-matrix is connected with an action of the quantum loop algebra U q (gl 2 ) in a 
tensor product of U q (s l 2 ) -modules. The quantum loop algebra U q ($l 2 ) is a Hopf algebra which contains 
U q (sl 2 ) as a Hopf subalgebra. We give the necessary facts about U q (gl 2 ) in this section. 

Let q be a complex number, q ^ ±1 . The quantum loop algebra U q (gl 2 ) is a unital associative 

algebra with generators L^°\ L^°\ 1 ^ j < i < 2 , and i, j = 1, 2 , s = ±1, ±2, . . . , subject to 
relations (3.9) [RS], [DF]. 
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Let eij , i,j = 1,2 , be the 2x2 matrix with the only nonzero entry 1 at the intersection of the i-th 
row and j-th column. Set 

R(x) = (xq - q~ x ) (en <g> en + e 2 2 ® e 2 2) + 

+ (a; - 1) (en <g> e 22 + e 22 ® en) + a;(g - g _1 )ei 2 ® e 21 + (g - g _1 )e 21 (gi e i2 . 

Introduce the generating series L±(u) = L^ ±0) + £ ^ ±s) w ±s . The relations in t/ 9 (g[ 2 ) have the form 
(3-9) L^i^-l, ^ 0) ^ 0) = 1, <-l,2, 

i?(x/y)L ( l 1) (a;)L (2) ( ? /) = L^ 2) (y) L+ } (x) R(x/y) , 
R(x/y)L w (x)L^( y ) = L^ 2) {y)L^ l) {x)R{x/y), 

where L v (1) (u) = £ e lj <S> 1 <g> L£ (it) and L^ 2) (u) = £ 1 (gi e»j <g> L\- (u) , zv = ± . 

Elements L^°\ L^°^L^°\ l[^L 22 °\ ^ 22 °^n°^ are central in U q (gl 2 ) . Impose the fol- 

lowing relations: 

r(+0)r(+0) _ , r(+0).(+0) _ 1 r(-0) r (-0) _ , (_0) , (-0) _ -, 

^11 ^22 — 1 ! ^22 -^11 — 1 i -^11 -^22 — 1 i ^22 ^11 — 1 > 

in addition to relations (3.9). Denote the corresponding quotient algebra by £^(0(2) • 

The quantum loop algebra U q (gl 2 ) is a Hopf algebra with a coproduct A : U q (Qt 2 ) — > c/^(jj[ 2 ) (g> 

A:L£(u) ~ ® v = ±. 

k 

There is an important one-parametric family of automorphisms p x : U' q (gl 2 ) — > t/^(0[ 2 ) : 



that is 



: L<f } 1 ^ L§= 0) and : L« ~ x~'L^ , s G Z^o ■ 



The quantum loop algebra U' q (gl 2 ) contains £/ 9 (s[ 2 ) as a Hopf subalgebra; the embedding is given by 

E ~ - 4+ 0) /(9 - T 1 ) , ^ - 42°7(9 - (T 1 ) , - 4T 0) • 

There is also an evaluation homomorphism e : U q (gl 2 ) — ► f7 g (s[ 2 ) : 

e : in (it) h-> <T ff - <? ff u , e : Ljjfa) i-> - g _1 )u, 

e : L^(u) i-> - g _1 ) , e : £32 ( u ) 1-^ q H - q~ H u, 

e : L n (u) ^ q H - q- H vr x , e : L u (u) F(g - q^ 1 ), 



e : L 21 (u) i-> E(q - q x )u 1 , e : L 22 (u) ^ q H - q H u \ 



that is 



e : L(t 0) - - g" 1 ) , e : 4+ 0) _> q H , e : L« _> 

e : L^ 0) -9*, e : i^ 1 ' - -<T ff , e : 4 2 0) - F(q q-') , 

e : ^ E(q - q' 1 ) , e : ^ q~ H , e : ~ 
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and e : L\j i— » for all other generators L\j . 

Both the automorphisms p x and e restricted to the subalgebra U g (sl2) are the identity maps. 

For any ET^s^-module V denote by V(x) the l^(g[ 2 )-module which is obtained from the module 
V via the homomorphism e o p x . The module V(x) is called the evaluation module. 

Let V\,V2 be Verma modules for ^(sb) with generating vectors vi,V2, respectively. For generic 
complex numbers x,y the L^(g[ 2 )-modules V\(x) V2(y) and V^y) ^i(£) are isomorphic and the 
trigonometric i?-matrix P Vi y 2 R Vi y 2 (x / y) intertwines them [T], [CP] . The vectors v\®V2 and V2®v\ are 
respective generating vectors of the J7^(g[ 2 )-modules Vi(a;)0V2(?/) and V2(y)®V\{x) . The trigonometric 

i?-matrix R ViV2 (x/y) can be defined as the unique element of End(Vi V2) with property (3.4) and 
such that 

(3.10) P ViV2 R ViV2 (x/y) : V^x) Vafo) - K 2 (y) ^(x) 

is an isomorphism of the t/^(g[ 2 )-modules. 

T/ie trigonometric qKZ connection associated with SI2 

Let Vi, . . . , V n be C/ 9 (s[2)-modules. The qKZ connection is a discrete connection on the trivial bundle 
over C x ™ with fiber V\ . . . V n . We define it below. 

Let V\, . . . , V n be Verma modules with highest weights q Al , . . . , g A ™, respectively. Let R v . Vj (x) be 
the trigonometric i?-matrices. Let R%j{x) 6 End (Vi . . . V n ) be defined in a standard way: 

(3.11) Rij{x) = id ... r(x) (8> . . . <8> /(a;) ... id 

provided that (x) = r(x) r'(x) £ End(Vi Vj) . For any X e U q (sl 2 ) set 

X TO = id ... X ... id . 

m-th 

Let p, k be complex numbers. For any m = 1, . . . , n set 

(3.12) K m (zi,...,z n ) = R mim - 1 (pz m /z m - 1 )...R mi i(pz m /zi)K Am ~ Hm x 

X Rm,n{Zm/ Z<n) • • - ^m.m+l( z m/^m|l) • 

(3.13) Theorem. [FR] The linear maps K\(z), . . . , K n (z) obey the flatness conditions 

K t (zi, . . . ,pz m , z n )K m (zi, ...,Zn) = K m (zi, . . . ,pzi, z n )Ki{z\, ...,z n ), 
l,m = 1, . . . , n . 

The maps K\{z), . . . , K n (z) define a flat connection on the trivial bundle over C x ™ with fiber V\ 
. . . V n . This connection is called the qKZ connection. 

By (3.5) the operators K\{z), ... , K n {z) commute with the action of q H in V\ . . . V n : 

[K m {zi, . . .,z n ),q H ] = 0, m = l,...,n, 

and, therefore, preserve the weight decomposition of V\ ... V n . Hence, the qKZ connection induces 
the dual flat connection on the trivial bundle over C x ™ with fiber (Vi . . . V n )* . This connection 
will be called the dual qKZ connection. 

(3.14) Lemma. For any z e C xn such that q 2A >+ 2A ™- 2r z t / z m ^ p s for all r = 0, . . . , £ - 1 , and 
I, m = 1, . . . , n , I ^ m, seZ, the linear maps K±(z), . . . , K*(z) define isomorphisms of (Vi ... 

Vn)}. 

This statement follows from formulae (3.7) and (3.12). 

2 £ A m -2£ + 2 

If k = q m=1 , then the dual qKZ connection admits a trivial discrete subbundle with fiber 
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F(V\ ® . . . <S> V n )* t _ 1 and, therefore, it induces a flat connection on the trivial bundle with fiber (Vi <S> 
...(E) V n )*jF{Vi ® . . . ® K)^! • 

-2 £ A m + 2^-2 

If k = p q m=1 , then the dual qKZ connection admits a discrete subbundle with fiber 

F z (Vi ® . . . <g> and, therefore, it induces a flat connection on the discrete vector bundle with 

fiber (Vi <g> . . . ® V^/i^Vi ® . . . ® V n )?_i • 

Let Vi, . . . , V n be f/^s^-modules. The qKZ equation for a Vi <g> . . . <S> V^-valued function . . . , 

z„) is the following system of equations: 

. . . ,pz m , . . . ,z n ) = K m (z 1 ,...,z n )^(z 1 ,...,z n ), m=l,...,n. 

The qKZ equation is a remarkable difference equation, see [S] , [FR] , [JM] , [Lu] . 

Modules over the elliptic quantum group _E Pi7 (s[ 2 ) and the elliptic R-matrices 

In this section we recall the definitions concerning the elliptic quantum group E Ptl (sl2) , £7,^(5(2) 
modules and the i?-matrices associated with tensor products of -E P;7 (s[2)-modules. For a more detailed 
exposition on the subject and proofs sec [F], [FV]. 

Fix two complex numbers p, 7 such that Im p > . Set p — e 27rtp and n — e ~ 47 ™ 7 . 
Let 9(u) — (u;p) 00 (pu^ 1 ;p) 00 (p;p) 00 be the Jacobi theta-function and 

n9{ X )9(X/n) 9(n)9( X X) 
a[X ' A) ~ 9(nx)9(X) ' P( ' Aj - 8{nx)6{\) ' 

Let Bij , i,j = 1,2, be the 2x2 matrix with the only nonzero entry 1 at the intersection of the i-th 
row and j-th column. Set 

R(x, A) = en ® en + e 22 <8> e 22 + a(z, A) en ® e 22 + 

+ a(x, A _1 )e 22 ® en + (3(x, A)e i2 (gi e 2i + (5{x, A _1 )e 2 i ® e i2 . 

Remark. In [FV] the elliptic quantum group £? P;7 (sl 2 ) is described in terms of the additive theta-function 

00 

e(u) = - ^2 cxp(7ri(™+ l/2) 2 p + 2m{m+ l/2){u+ 1/2)) , 

m— — 00 

which is related to the multiplicative theta-function 9(x) by the equality 

0(u) = i exp(7np/4 - TTiu)6(e 2mu ) . 

Let () be the one-dimensional Lie algebra with the generator H . Let V be an l)-module. Say that 
V is diagonalizable if V" is a direct sum of finite-dimensional eigenspaces of H : 

V = V„ , Hv = pv for v e V; . 

For a function V(/i) taking values in End(V) we set X(H)v — X(p)v for any u 6 V p . 
Let V\,...,V n be diagonalizable f)-modules. We have the decomposition 

V 1 ®...®V n = (V1) M1 ®...®(V„)^„. 
m,...,n„ 

Set £f TO = id ... if ... id . For a function X(pi, . . . , p n ) taking values in End (Vi ® . . . <S> V n ) 

TTl-th 

we set X(H X , H n )v = X(fn, p n )v for any v £ (Vi) Ml ® . . . ® (K)^ • 

By definition [FV], a module over the elliptic quantum group Ep^is^) is a diagonalizable F)-modulc V 
together with four End ( V)-valued functions Tij(u, A) , i,j = l,2, which are meromorphic in u, A G C x 
and obey the following relations 

[Tij {u, A) , H] = (j-i)H, 1,3 = 1,2, 

R(x/y, n^^X) T (1) (x, A) T (2) (y, ^ 2ff ® 1 ® 1 A) - T (2) (y, A) T (1) (or, r? 1 ^® 1 A) iZ^/y, A) . 
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Here T(i) (u, A) = eij ® id (u, A) , T( 2 ) (u, A) = ^ id ® (8) (u, A) , and acts in C 2 as 

ij ij 

(en - e 22 )/2 . 

Example. Fix a complex number A. Consider a diagonalizable f)-module V A = @ Cv^ , such that 

feez >0 

Let x be a nonzero complex number. Set 

121 ' j 0(ri A u/x)6(\) 



uO(r,*-'<+ 1 \x/ U )0(T,™- k + 1 )O( V k ) nfc _i_A [fc _i] 



T 22 ( U A)t,W= % fc - A ^)% 2A - fc A) ^ [fc] 
221 ' j 6(r) A u/x)9(\) 

These formulae make V A into an £ ; Pj7 (s[ 2 )-module V A (x) , which is called the evaluation Verma module 
with highest weight A and evaluation point x [FV]. 

For any complex vector space V denote by Fun (V) the space of V- valued meromorphic functions on 
C x . The space V is naturally embedded in Fun(V) as the subspace of constant functions. 

Let V\, V2 be complex vector spaces. Any function ip E Fun (Horn ( V\, V2)) induces a linear map 

Fu \ : FuniVi) - Fun(V 2 ) , Fu \ : /(A) ^ <p(\)f{\) ■ 

For any £7 Pj7 (s[ 2 )-module V we define the associated operator algebra acting on the space Fun(V) . 
The operator algebra is generated by meromorphic functions in A, n H acting pointwise, 

(3.15) V (\n H ) : /(A) -> ip{\, n H )f(X) , 

and by values and residues with respect to x of the operator- valued meromorphic functions (a;) , 
i, j = 1, 2 , defined below: 

fa W : /(A) ^ T a (ar, A)/(r?A) , T j2 (x) : /(A) ~ T l2 (x, \)f(n~ 1 \) . 

The relations obeyed by the generators of the operator algebra are described in detail in [FV]. 

Let Vi,V 2 be i? p , 7 (s[ 2 )-modules. An element <p € Fun ( Horn ( V\, V2)) such that the induced map 
Fun f intertwines the actions of the respective operator algebras is called a morphism of £ ; Pi7 (st 2 )-modules 
Vi, V2 ■ A morphism <p is called an isomorphism if the linear map <p{\) is nondegenerate for generic A. 

Example. Evaluation Verma modules V A (x) and V M (x) are isomorphic if n A = n M with the tauto- 
logical isomorphism. 

The elliptic quantum group i? p , 7 (sl 2 ) has the coproduct A°" : 

A'":H ~ if® 1 + 1® if, A e " : (u, A) ^ £ (l ® T jfc (u, ij 2 *®^)) (T fcj («, A) ® l) . 

fc 

The precise meaning of the coproduct is that it defines an £ ; Pi7 (s[ 2 )-module structure on the tensor 
product V\ ® V2 of i? Pi7 (s[ 2 )- modules Vi,V£. If Vi, V2, V3 are £7 Pj7 (s[ 2 )-modules, then the modules 
(Vi ® y 2 ) ® V3 and Vi ® (V 2 ® V3) are naturally isomorphic [F]. 

Remark. Notice that we take the coproduct A cii which is opposite to the coproduct used in [F], [FV], 
[FTV1]. The coproduct A eU is in a sence opposite to the coproduct A taken for the quantum loop 
algebra U' q (Ql 2 ) . 
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(3.16) Theorem. [FV], [FTV1] Let V A (x),V M (y) be evaluation Verma modules. Then for any A, M 
and generic x,y there is a unique isomorphism R( x .y) of E Ptl (5(2) -modules V A (x) (g> V M (y) , V M (y)<3 
V A (x) such that R( x ^ y) (X)v^ <g> = ®«l ' . Moreover, R( x . y ) has the form 

R(x,y)(X) = PyAyM RyAyM{x/y, X) 

where P v a v m ■ V A ® V M — > V M (g) V A is tie permutation map and Ry A y M (u,X) is a meromorphic 
function of u, A G C x with values in End(V A (g>V M ). 

(3.17) Corollary. The function R vA y M (x, X) satishes the inversion relation 

RyAyM RyAyM {x, X) = (^RyMyA^X ) ^)) ^yAyM • 

The function i?^ yM (a;, A) is called the 5(2 dynamical elliptic R-matrix for the tensor product V A <S> 
V M . 

(3.18) Theorem. [FV], [FTV1] For any complex numbers A, M, N the corresponding elliptic R-matrices 
satisfy the dynamical Yang-Baxter equation in the space End(F A <g> V M <g> V N ) : 

RyA VM (x/y, V 19192H X) RyAyN (x, A) RyMyn (y, V 2Hm ^ A) = 

= Ry MVN (y, X)R v ' AvN (x, v imH ^X)Ry AvM (x/y, A) . 

One can associate a discrete flat connection with the dynamical elliptic i?-matrix. This connection is 
studied in [FTV1], [FTV2]. 

4. Tensor coordinates on the hypergeometric spaces 

In this section we identify the Gauss-Manin connection and the qKZ connection. 

Tensor coordinates on the trigonometric hypergeometric spaces of fibers 

Let Vi, . . . ,V n be U q (sl2) Verma modules with highest weights q Al , . . . , q An and generating vectors 
v\, . . . , v n , respectively. Consider the weight subspace (Vi <g> . . . <g> V n ) t with a basis given by monomials 
F h vi <g> . . . <g> F ln v n , [ G Z r l . The dual space (Vi <g> . . . <g> V n )\ has the dual basis denoted by (F h vi <g) 
. . . ® F l -v n )* , lez?. 

Consider the trigonometric s^-type local system with connection coefficients (2.3) where the param- 
eters £1, . . . , £ n and n are related to the parameter q and the highest weights q Al , . . . , q An as follows: 

V = q 2 , £, m = Q 2Am , m = 1, . . . , n . 

Let T = T\z\, . . . , z n ; £1, . . . , £„; £] be the corresponding trigonometric hypergeometric space. For any 
z £ C xn and for any r £ S™ denote by B T (z) the following linear map: 

(4.1) B T (z):(V Tl ®...®V Tn )* i -> T(z), 

B T (z) : (F l ^v Tl <g> ...®F l ^v Tn )* ^ b [W J(t,z), 

n 

where J~(z) is the trigonometric hypergeometric space of the fiber and bi = Y[ g Im ( Im ~ 1 )/ 2 + [mAm , (cf. 

m— 1 

(2.20), (2.27)). The linear maps B T (z) are called the tensor coordinates on the trigonometric hyper- 
geometric space of a fiber. The composition maps 

B T . T ,(z) : (K; ® ■ ■ ■ ® VrJJ -> {V Tl ® • • • ® KJ,* , S T , T /(«) = B" 1 ^) o fl T ,(z) , 

are called the transition functions, cf. [V3], [TV3]. 

(4.2) Lemma. Let q 2Al+2Am ~ 2r zi/ z m ^ 1 for any r = 0, . . . , f — 1 , and Z, to = 1, . . . , n , I ^ to . Then 
for any permutation r the linear map B T (z) : (V Tl ® . . . ® Vr n )JI — ► F'(z) is nondegenerate. 

The statement follows from Lemma 2.22 since £/ £ m zi/z m ^ rf for any r = 0, . . . , £ — 1 , and l,m= 1, 
. . . ,n, I ^ to. 
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Consider a tensor product V Tl (z Tl ) ® . . . <8> K- n (^ Tn ) of evaluation modules over U' q {Ql 2 ) coinciding 
with V T1 ® . . . as a J7 g (s[ 2 )-module. 

(4.3) Lemma. For any ip G (V^ ® . . . V Tn )* t we have 

(ip,Lf 2 (t 1 )...Lf 2 (t t )v Tl ®...®v Tn ) = (B T {z)ip){t u ■ ■ ■ x 

x( ? -r')</ < '-' ,/2 -'£. A -nn« m -w, m ) n 

o=l m=l l^a<6<£ a b 

(<fi,L^ 2 (t 1 )...L^ 2 (te)v Tl ®...®v Tn ) = (B T (z)ip)(t 1 ,...,t e ) x 

t(i-e)/2-e£ \ m * " „t t 6 

x (g-g- 1 )^ n n^-^) n ■ 

o=l m=l Ka<6sC« a b 

It is easy to see that the right hand sides of the formulae above are polynomials in t\,...,tt and t± , . . . , 
tj , respectively, cf. (2.10) and (4.1). So both the formulae make sense without additional prescriptions. 

Lemma 4.3 is proved in Section 7. 

(4.4) Theorem. [V3] For any t G S™ and any transposition (m, m+1) , m = 1, . . . , n— 1 , the transition 
function 

B T , T . {m , m+1) {z) :{V T1 ®...® V Tm+1 ®V Tm ®...® V Tn )l ^ (V T1 ®...® V Tn )} 
equals the operator (P Vt Vt +1 ^v t v t +1 ( z r m / z r m+1 ))* acting in the m-th and (m + 1) -th factors. 
The theorem follows from Lemma 4.3 and formula (3.10). 

Each B T (z) induces a linear map (V Tl ® . . . ® V Tn )* t — > H(z) which also will be denoted by B T (z) . 

n n 

(4.5) Theorem. Let k ^ p s r/- r J] £m and k ^ p" 8 " V J] £m for any r = 0, . . . , I- 1 , s G Z >0 • Let 

rn—1 m—l 

< \p\ < 1 . Let (2.13) - (2.15) hoid. Then for any r G S" the map B r (z) : (V Tl <g> . . . ® V T J* e -» H(z) 
is an isomorphism. 

This statement follows from Theorem 2.16 and Lemma 4.2. The assumption of the theorem means that 

2£A m -2r _ -2f A m + 2r 

k ^ p s q m=1 and k ^ p s L q ™ =1 for any r = 0, . . . , I — 1 , s G ■ 

It is easy to see that for any teS" the images of F(V Tl ® . . . ® V Tn )* l _ l and F z (V Tl ® . . . ® V Tn )* l _ l 
under the map B T (z) coincide respectively with the coboundary subspaces TZ(z) and IZ'(z) in the 
trigonometric hypergeometric space of the fiber T(z) . 

n 

(4.6) Theorem. Let < \p\ < 1 . Let (2.13) - (2.15) hold. Let R & ^ p s rf for any r = £ - 1, ... , 

m—l 

« 2f;A m -2£ + 2 

2£ — 2 , s G Z <0 • If k = T] Yl £m , that is n = q m=1 , then for any r G S™ the map B T (z) 

m—l 

induces an isomorphism 

(v T1 ®...® v Tn y e /F(v T1 ®...® VrSi-i -> • 

« _ _ -2 f; A m + 2£-2 

Similarly, if k = p v rf Jj £ m , that is k = p 1 g m=1 , then for any r G S™ the map B T (z) 

m—l 

induces an isomorphism 

{V T1 ®...® V Tn y e /F z {V Tl ®...® V Tn )*i-x -> U{z) . 

The statements follow from Theorem 2.18 and Lemmas 2.22 - 2.24. The assumption of the theorem 
means that q m=1 ^= p s for any r = I — 1, . . . , 2£ — 2 , s G Z <0 . 



22 



Taking into account formulae (3.1) and (3.2) we get an isomorphism 



((y Tl ®...®v T yry ^n(z) 

n 

for k = J] 1-1 Y\ £ m and an isomorphism 

m— 1 

((V Tl ®...®V Tn )%r -> H(z) 

n 

for K=p- 1 T] e - 1 J] Cm 1 - 
m— 1 

(4.7) Theorem. [V3], [TV1] For any m = 1, . . . , n, the following diagram is commutative: 

(v T1 ® . . . ® y r j| x; " (Zri, ---' ZrJ » (V Tl ® • • • ® KJl 

B T (zi, . . . ,pz m , ...,z n ) B T (zi, ...,z n ) 

H(zi,...,pz m ,...,z n ) > H(zi,...,z n ) 

Am {z\ i ■ • ■ j ^n) 

Here A m (z) are the operators of the Gauss-Manin connection, K m (z) are the operators dual to K m {z) , 
and K m (z) are the operators of the qKZ connection in (V Tl ® . . . ® V Tn ) e defined by (3.12). 

(4.8) Corollary. The construction above identifies the qKZ connection and the Gauss-Manin connec- 
tion restricted to the hypergeometric subbundle. 

Tensor coordinates on the elliptic hypergeometric spaces of fibers 

Let Vf(zi), . . . , V^(z n ) be evaluation Verma modules over E pn (sl2) with highest weights Ai, . . . , A„ 
and evaluation points z\, . . . ,z n , respectively. Let V*, . . . , V£ be the corresponding fj-modules. The 
weight subspace (Vf ® . . . ® V£) e has a basis given by the monomials v^ 1 ^ ® . . . ® , I e Z" . 

Let T d i = £ u [k; z\, . . . , z n ; £1, . . . ,£ n ; € ] be the elliptic hypergeometric space where the parameters £1, 
. . . , £„ and the highest weights Ai, . . . , A„ are related as follows: 

£m = ?7 A "\ m=l,...,n. 
For any z£B and for any r £ S" denote by C r (z) the following linear map: 

C T {z) : (Kt - 
C T (*) ®...®w [[t " ] ^> c[VK[ T (t,z). 

Here Ji u {z) is the elliptic hypergeometric space of the fiber and c[ = c T[ (£ Tl , . . . , £ r „) where T l = (l Tl , 
...,tr„) and 

(4.9) ^ w = n ft % ^r a n T^e * 



0(r?) 

m=l s=l v ,y l^;<m^n 

(n^n^) n^-^fic 1 ) 

„_1 m=l „_t m— 1 



X 

8=1 '" = 1 

x TT TT e^-'n v^n *7- l, 6) v ; 



m— 1 s— — 
s#0 



The linear maps C T (z) are called the tensor coordinates on the elliptic hypergeometric space of a fiber. 
The composition maps 

C r ,r> (Z) ■ (V T \ ® • ■ • ® V T \ ) t - (Kl ® • • • ® K: )/ , C r ,r' (*) - C" 1 (z) O C T , (*) , 
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are called the transition functions, cf. [V3], [TV3]. 
Example. For I — 1 the coefficients c\ have the form 



w = mi)^- 1 n c 1 n aw* -1 n c 1 n &)) 1 n 



where e(m) = (0, . . . , 1 , . . . , 0) , m = 1, . . . ,n . 

m-th 

Example. For £ = 2 and n = 2 the coefficients C[ have the form 

c ( 2,o)(6,6) - £ ^^i 2 )%- 1 ^)(^- 1 ei6)^(^- 1 «- 1 a6)^(«- 1 ^r 1 6)%«- 1 er 1 6))" 1 , 
c ( i,i)(a,6) = t 1 ^ #(£iX£ 2 2 ) (%- 1 «- 1 66)%«- 1 ^r 1 6)%- 1 «- 1 cr 1 6)%«- 1 ^r 1 ^" 1 ))" 1 I 

(4.10) Lemma. Let ?? r ^ p s for any r — 2, . . . sGZ. Lot n Al + Am zi/z m ^ p s r] r for any L m = 1, 

n 

. . . , n , and r = 0, . . . , £ — 1 , sGZ. Let k ±:l J| 77 Am ^ p s r] r for any r = 0, . . . , £ — 1 , sGZ. Assume 

m— 1 

that for a permutation r we have k Y\ r / Axi Yl V ^ 1 P s V r f° r an Y m = 1, • • • , n— 1 , arid r = 1 — 
...,£— 1 ? sGZ. Then the linear map C T (z) : (V^ . . . V^f )^ — > ^(2) is an isomorphism. 
The statement follows from Lemma 2.33. 

n 

Remark. The map C r (z) considered as a function of k has a simple pole at k = vr x ~ i \\ £ m because 



rn—l 



ft 

of the factor 6[r] 1 ~ i K~ 1 \\ £ m ) in formula (4.9) for the coefficients c { , and 

m— 1 

(4.11) Kcr(Rcs + C T (z)) = ® (V T e 2 ® . . . ® V T e J e , Im (Res+ C T (z)) = Q(z) , 

n 

where Res + C T (z) is the residue of C T {z) at k = r\ x ~ l \\ £ m and Q(z) is the boundary subspace. 

m— 1 

n 

Similarly, the map C T (z) has a simple pole at k — p~ x rf~ x Y\ Cn 1 because of the factor 
n m = x 
P| i;" 1 ) in formula (4.9) for the coefficients c { , and 

m— 1 

(4.12) Kcr(Rcs-C r (^)) = (V£ ® ... ® <8> v [0] , Im (Res" C T (^)) = Q'(z) , 

n 

where Res - C T (^) is the residue of C r (z) at k = p -1 ^ -1 n and Q'(z) is the boundary subspace. 

m— 1 

n 

(4.13) Lemma. Let k = r, 1 - 1 J] V Am ■ Let rf V p s for any r = 2, . . . , £ , s € Z. Let n A,+Am z t / z m ^ 

m— 1 

p s 7y r for any l,m = 2, . . . ,n , and r = 0, ...,£— 1 , seZ. Let r/ 2Al ^ p s ^ r for any r = 0, . . . , £ — 1 , 

n 

s £ Z, Let J} 77 2Am 7^ p s r; r for any r = £ — 1, . . . ,21 — 2, s 6 Z. Assume that for a permutation t 

m—l 

we have \ { t] 2At i ^ p s r/ r for any m = 2, . . . , n — 1 , and r = 0, . . . , 2£ — 2 , seZ. Then the linear 
map C T (z) : <g) (V^ ® . . . <8> l^f )^ — > Ji U (z)/Q(z) is an isomorphism. 
The statement follows from Lemma 2.38. 
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(4.14) Lemma. Let k — p 1 if 1 J] rj Am . Let rf ^ p s for any r = 2, ...,£, s G Z . Let r] A,+Am zi/ z m 

m—l 

-j- ps^r £ Qr an y i m= 1, . . . , n — 1 , and r = 0, . . . , I — 1 , seZ. Let n 2A ™ ^ p s n r for any r = 0, . . . , 

n 

£ — 1 , sgZ. Let J} rj 2Am ^ » s n r for any r = I — 1, . . . , 21 — 2 , seZ. Assume that for a permutation 

m—l 

t we have \ [ n 2Ar i ^ p s rf for any m — 1, . . . , n — 2 , and r = 0, . . . , 21 — 2 , seZ. Then the linear 

map C T (z) : (VZ^ <g> . . . ® Vf n _J e — ► £ u (z)/Q'(z) is an isomorphism. 

The statement follows from Lemma 2.39. 

Consider a tensor product V^(z Tl ) (g> . . . <g> Vf n (z Tn ) of evaluation Verma modules over ^^(s^) 
coinciding with VZf x <g> . . . <S> VZ^ as an [)-modulc. 

n 

(4.15) Lemma. Let A = n ~[\ S.m 1 ■ Then for any v e (Vf <8> - - - <8> VZ? )^ we have 

m—l 

T 2 i(ti, A)... T 2 i(t/, rf- x \)v = [C T {z)v){tx,...,U) x 



x 

s=0 



m=1 =1 m =l "^W^ 1 < a<6 ^ f^a/t&J 



The lemma is proved in Section 7. 

(4.16) Theorem. For any reS" and any transposition (to, to + 1), m = 1, . . . , n — 1 , the transition 
function 

C TMm ,m+l) («) : V£ <g> • • • <8> ® ® ■ ■ ■ ® V£ -» V£ <8> . . . <8> V£ 

equals the operator P V e v „ i?y e v „ (z T +1 /z r ,(n H ® . . . ® n 11 ® n~ H ® . . . ® -q^ 11 )^ 1 k) . 

The theorem follows from Lemma 4.15 and Theorem 3.16. 
Remark. The elliptic i?-matrix in Theorem 4.16 has an operator 

K = {n H ® ...®n H ® rj~ H ® . . . ® n~ H )n^ 1 K 

m-th 

at the place of the second argument, and Ry e y& (x, A) commutes with K for any values of x, A. 

T m. + 1 T rn- 

The operator i?^ e Ve is understood in the standard way: 

T m+1 T m 

Rye y e (X,K)V = Ry[ y e (x,X)V 

for any v G VZ? ® ■ ■ • ® VZ? ® VZ? ® • • • ® Vl e such that K« = A?; . 

Tensor products of the hypergeometric spaces 

Let ^[zi, . . . , z m ; £i, . . . , £ m ; I] and ^[a; Zi, . . . , z m ; ^i, . . . , £ m ; I ] be respectively the trigonometric 
and the elliptic hypergeometric spaces defined for the projection C l+m — > C m . In particular, in our 
previous notations we have 

J 7 = J 7 [z 1 ,...,z n :£ 1 ,...,£ n ;e] and = ^,[k; z x , . . . , z n ; . . . , £„; I) . 

There are maps 

(4.17) x '■ F[zi, ...,zk;£i,---,£k;j]<2> F[zk+i, ■ ■ ■ , Zk+ m ;£k+i, ■ ■ ■ ,€k+m'J] — » 

— > !F[zi,..., z k+m ; , . . . , ik+m ;j + 1] 

and 

m 

Xeu ■Jiu{ a 'n l Y[ CZ^;^, . . . ,z k ;£i, ■ ■ ■ ,6; j]{(zi, ■ ■ ■ ,zk)) ® 

i=l 

k 

<g> Jiu[ar}~ J FI ^. ; zt+i , ■ • • , Zt+m! 6+i , ■ ■ ■ > ' ] ((zt+i , ■ ■ • > 4+m)) 



i=l 



Jiu\0L\ Zi,..., Zk+ m ;£l, ■ ■ ■ , Cfe+m! j + ^((^l; • ■ • ) z fc+m)) 
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which are respectively defined by \ '■ f ® 9 | — > / * 9 an d x„« '■ f ® 9 *-> f * 9 where 



k i 



{f* 9 )(t 1 ,...,t j+l ) = 1 L f/(*i. • • • ■ tj)9(t j+ u . . . , t j+ i) n ri f ta+ t c i 

and 

(f* 9 )(tu...,t j+ i) = -L £ f/(/.H..../,)/;(/ i .,,...j i . ; )nn^' , - ; 



We have the next lemmas. 

(4.18) Lemma. Assume that & £j+fcZj+fc /£j 7^ n r for any i = 1, . . . , k , j = 1, . . . , m , r = 0, . . . , Z — 1 . 
Then the map 

x : ^[21, ((21, ® 

i+3=l 

; j] ((^fc+ii ■ ■ • 7 z fe+m)) — ► 

— > ^-"[zi, . . . , 2/j +TO ; ^1, . . . , ^fe+ m ; Z] ((21, • • • , Zk+m)) 

defined by linearity is bijective. 



(4.19) Lemma. Assume that £i£j +k Zj + k/ Zi ^ p s r/ r and a J] £ a J] £ a _j^ 7^ p s 7y ±r for any z = 1, . . 
fc , j = 1, . . . ,m , r = 0, . . . , I — 1 , s e Z . Then the map 



n 

a— 1 a— 1 



- m 



i+3=l a=1 



k 



<8>Jiu[ar) 1 I] Ca! . . . , Zk+ m ;£k+l, ■ ■ ■ ,£,k+m\ j] ((Zk+1, ■ ■ ■ ,Zk+m)) — » 

a=l 

— » Ji u [a; z\, . . . , Zfe+ m ; £1, . . . , Cfc+m; Z] ((zi> • • • , Zk+m)) 

defined by linearity is bijective 

Lemmas 4.18 and 4.19 are proved in Section 7. 

It is clear that for any functions /, g,h we have (/ *g)*h = f *(g* h) and for any functions /, g, h 
we have (f * g) * h = f * (g * h) . Lemmas 4.18, 4.19 can be extended naturally to an arbitrary number 
of factors. 

The map \ eU admits the following generalization. Fix a nonnegative integer k. Let n , . . . , rife be 
integers such that 

= n < n\ < . . . < nk ■ 

Fix nonnegative integers Zi, . . . , Zfe . Let 

•^m Jiu \P^-i 'i Z ni _ 1 + l , ■ ■ ■ , Z ni ; + l ) • • • ) £n» i h] 

£ h - E h 

where on = ar) j>i j<i f\ £j II £j~ • Let h(zi, . . . , z nk ) be a meromorphic function on C x " fc such 

j^m-i j>n.i 

that 

EO }:h 

h(z!,...,pzi,...,z nk ) = ^/ < * J>1 h(zi,...,z„J 
for any i = 1, . . . , . Then we have a well defined map 

(4.20) J*®...®J* - £»[a;z 1 ,...,z nk ;Z 1 ,...,Z nk ;h + ... + l k ], 

fi ® •• • ®/fe i-» (fi*...*f k )h 

of the elliptic hypergeometric spaces. We call the function h(z 1; . . . , z„ fc ) an adjusting factor for the 
tensor product of the elliptic hypergeometric spaces Tj^ ® . . . <E> • 
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5. The hypergeometric pairing and the hypergeometric solutions of the qKZ equation 

In this section we define the main object of this paper, the hypergeometric pairing. We define a 
pairing between the trigonometric and the elliptic hypergeometric spaces of a fiber. 

The hypergeometric integral 

For any functions w G T(z) and W G T dl {z) we define the hypergeometric integral by 

(5.1) I(W,w) = J $(t)w(t)W(t) {dt/tf 

i 

where {dt/tf = J| dt a /t a , $(f) is the short phase function defined in (5.2) and T 1 is a suitable defor- 

o=l 

mation of the torus 

T f = {t e C f | 1^1 = 1, ... ,1**1 = 1}. 

{xa' 1 )^ 



{xa) c 



Recall that we always have < \p\ < 1 . Let (u)^ = Yl(l — P k u) . We take <P(x; a) = 
(2.5) so that the short phase function has the form 

(5.2) <l>{t 1 ,...,t e ,z 1 ,...,z n ) - || || || . 

We define the hypergeometric integral as follows. Assume that > 1 and \z m \ = 1, £ m | < 1, 
m = 1, . . . , n. Set 

(5.3) 7(W» = y <P{t)w{t)W{t) {dt/tf . 

Notice that the integrand has simple poles at the hyperplanes 

(5.4) t a /z m = (p s Cm) ±:L , a=l,...,£, m=l,...,n, 

W*6=(?'V 1 ) il - l<a<6<*, 

for s G Z^o and essential singularities at the coordinate hyperplanes. The set of hyperplanes (5.4) could 
be decomposed into subsets corresponding to couples {a, m} or {a, b} . Under the above assumptions 
for each subset of the hyperplanes the torus separates the hyperplanes corresponding to different 
choices of the sign. 

The hypergeometric integral for generic £i , . . . , , Z\ , . . . , z n and arbitrary n is defined by analytic 
continuation with respect to £i , . . . , £ n , z\ , . . . , z n and r\ . This analytic continuation makes sence since 
the integrand is analytic in £i, . . . ,£„ , z\, . . . , z n and n , cf. (2.5), (2.20), (2.30). More precisely, first 
we define the hypergeometric integral for basis functions wt , W m and then extend the definition by 
linearity to arbitrary functions w G f(z) , W G Jiu{z) . The result of the analytic continuation can be 
represented as an integral of the integrand over a suitably deformed torus. Namely, the poles of the 
integrand of the hypergeometric integral I(Wi,w m ) are located at the hyperplanes 

(5.5) t a =p s £, m z m , t a =p~ s £, m 1 z m , t a =p s rf 1 t h , t a =p^ s rjt b , 

1 s; b < a ^ £ , m = 1, . . . , n, s G Z^o • We deform £i, . . . , £ n , z\, . . . ,z n and rj in such a way that 
the topology of the complement in C x£ to the union of hyperplanes (5.5) does not change. We deform 
accordingly the torus so that it does not intersect the hyperplanes (5.5) at every moment of the 
deformation. The deformed torus is denoted by TP . Then the analytic continuation of the integral (5.3) 
is given by formula (5.1). 

(5.6) Theorem. For any 1, m G the hypergeometric integral I{W[,w m ) can be analytically contin- 
ued as a holomorphic univalued function of complex variables rj , £i , . . . , £„ , zi, . . . , z n to the region: 

rj^O, £m^0, z m ^0, m=l,...,n, 

V r+1 ^p s , e m ^P S V r , m=l,...,n, 

^CmW^m ¥= P s ff , l,m=l,...,n, l^m, 
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where r = 0, . . . , £ — 1 , s G Z , and the combination of signs ±1 can be arbitrary (cf. (2.13) - (2.15)). 

The proof of the theorem is the same as the proof of Theorem 5.7 in [TV3]. 

Let 1Z(z), 1Z' (z) C T{z) be the coboundary subspaces and let Q(z), Q'(z) C T eU [z) be the boundary 
subspaces. 

n 

(5.7) Lemma. Let k = r, 1 - 1 J] U ■ Let (2.13) - (2.15) hold. Then 

m—l 

a) For any w G TZ-(z) , W G Jiu{z) , the hyper geometric integral I(W, w) equals zero. 

b) For any w G T(z) , W G Q(z) , the hypcrgeometric integral I(W,w) equals zero. 

n 

Example. Let £ = 1 and k — Y[ £m ■ Then the space Q(z) is one-dimensional and is spanned by the 

m— 1 

function W(ti) = 1 . Assume for simplicity that \z m \ = 1 , |£ m | < 1 for any m — 1, . . . , n. Then the 
hypergeometric integral I(W, w) is given by 

,/,„ \ f /, \ TT Km 1 *!/ 'z m )oo dti 

I(W,w) = / w(ti) [[ — . 

1*1 1=1 

Since w(0) = for any w G T(z) , the integrand is regular in the disk \ti \ < 1 . Hence, I(W,w) = 
for any w G ^"(z) . 

(5.8) Lemma. Let k = p"V _1 f[ Let (2.13) - (2.15) hold. Then 

m—l 

a) For any w G TZ'(z) , WE T eU [z) , the hypergeometric integral I(W, w) equals zero. 

b) For any w G T(z) , W G Q'(z) , the hypergeometric integral I(W 1 w) equals zero. 

n 

Example. Let £ = 1 and k = T\ £ TO * ■ Then the space Q'(z) is one-dimensional and is spanned by the 

m—l 

function W(ti) = t^ 1 TT ^^ m ^ Zm ^ _ Assume for simplicity that \z m \ = 1 , |£ m | < 1 for any m = 1, 

d (t™ h/z m ) 

. . . , n . Then the hypergeometric integral I(W, w) is given by 

1*1 1=1 

Since w(ti) — 0(1) as t\ — > oo for any w G ^-"(z) , the integrand is regular in the domain \t\ \ ^ 1 and 
behaves as 0(t^ 2 ) as t\ — > oo. Hence, /(W, w) = for any w G .F(.z) ■ 

Lemmas 5.7 and 5.8 are proved in Section 7. 

Determinant formulae for the hypergeometric pairing 

The hypergeometric integral defines the hypergeometric pairing 

I : Ji n {z) ® T{z) -» C 

which induces the hypergeometric pairings 

r:^(z)/S(z)«J(z)/R(z) -> C 

n 

for «; = r] l ~ l Yl Cm an( l 

m—l 

I' :£ u (z)/Q'(z)®F(z)/1l'(z) -> C 
for k = p^ 1 ^ 1 Y\ i;^ 1 . According to (2.17), (2.25) and Lemmas 2.38, 2.39 this can be respectively 

m—l 

written as 

I:Ji,(z)<2>H(z) -> C, 

/°:.&(aO/Q(*)®W(z) -» C and /' : ^ B (z)/Q'(z) ® W(z) -> C. 

_ „ . \ An — 1 + A Ai — to — 1 + A 

Set d(n,m,^s = V / . 

^— ' V m — l / V n — m — 1 / 

i—j=s 
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(5.9) Theorem. Let k^pV"]!^ and k ^ p" s "V T\ C 1 . r = 0,...,£-l, s £ Z >0 • Let 

m—l m—l 

(2.13) - (2.15) hold. Then the hypergeometric pairing I : Ji u {z)®T{z) — ► C is nondegenerate. Moreover, 

n+£-l\ (n+l-\\ fn+£-l\ 



in+£-l\ (n+£-l\ _ (n+£-l\ 

&et[l{W u w m )] lmeZ „ = {2m) ^ "- 1 > v n{ "+ 1 ' x 

n / n+ e-i\ £-1 n-1 

x n £ { n ' n n ^t^- 1 n c 1 n a)*-^ 

m=l s =l-<? m=l l^m m<l^n 



(5.10) Theorem. Let k = ry 1 ^ J] £ m • Let (2.13) - (2.15) hold. If J] (m ^ P' s V r for all r = t - 1, 

m—l m—l 

. . . , 21 — 2 and s e Z <0 , then the hypergeometric pairing 1° : T eU (z)/ Q(z) <g> T{z)/1Z(z) — > C is nonde- 
generate. Moreover, 

fn+£-2\ (n+t-2\ (n+£-2\ 

det[l(W ( ,w m )] [mezn = {2ni) { n ~ 2 > £l { n ~ 2 V ™ H » ^ x 

[i=mi=0 
n . . fn+^-2\ €-1 n-1 

x ni ( " 1 j II II ^ s+ ^ n s-')*- 1 *"- 1 ^ x 

m=l s=l-£ m=2 l^(sjm 

Mm^- 1 )^ 1 ^- 3 n (t s &)=o 1<; ii <n (t^w^l 



(5.11) Theorem. Let k = p^rf- 1 Jl C™ 1 - Lct ( 2 -!3) -(2.15) hold. Jf II & m + 2?V for all r = 

m—l m—l 

I — 1, ... ,21 — 2 and s e Z <0 , then the hypergeometric pairing I' : T eU {z) / Q' (z) ® T{z)/H'(z) — > C is 
nondegenerate. Moreover, 



(n+£-2\ (n+l-2\ (n+£-2\ 
dct[l(W h W m )] [mezn = (27TtP "- 2 j M "- 2 V " j 

[^=m„=0 



n-1 .(-n+^-2\ £-1 rt-2 

x n " II II e ^ s+1 - e n e?) d( - w ' s) x 

m=l s=l-£ m=l m<;«:n 

tt r (r'tH^^neL^ci n ^cv^Q cx, i C l+ nX 3 ) 
M L (" _8 " 1 )sr 1 (p)~" 3 n (rtDoo 1<; ii <n (rtW* m )c 

Km<n l^Km^n 

n 

In Theorems 5.9 - 5.11, the product Yl without limits stands for [J . 

m—l 

Theorems 5.9-5.11 are proved in Section 7. 
Example. Theorem 5.9 for n = 1 , t = 1 gives 

0(ct) dt = 2m (pa/c)^ (bc)^ 



c 



Here C is an anticlockwise oriented contour around the origin t = separating the sets a | s £ Z^ } 
and {p s b seZ >0 }. 
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Example. Theorems 5.10 and 5.11 for n = 2, £ = 1 give particular cases of the Askey-Roy formula 
[GR, (4.11.2)] 

f 9{pt/c)0(abct) dt _ ^ (ahafi^eiacWbc) 



(a*)oo(&*)oc("/*)oo(/V*)oo * " (P)cx>(«")oc(«/3)oo(Hoo(^)oo 

c 

Here C is an anticlockwise oriented contour around the origin t = separating the sets {p s /a, p s /& | 
se^o} and {p s a, | s e Z >0 } • 

Example. There are p-analogues of the gamma-function and the power function: 

r p (x) = (i - pf-'ip)^^ , (i - u)f = (p-^/ip^ . 

Introduce new functions { — u} p x = 6(p~ x u) / 6{p x u) and 

7T tt8(p x ) 



sin p (7rx) 



T p (x)T p (l-x) (l- P )(p)l 



We have (1 - u) 2 p x = { - u} 2x {\ - pu- 1 ) 2 ^. 

Theorems 5.10 and 5.11 for I = 1 give respectively the following formulae: 



det 



J b P m=l 

C 



n-1 

= r P a + 2 e aj- 1 n + 2A ™) n o- - z i/ z m)i {Ai+Am) n 2 * ^(-^ e 

m=1 m=l Kkm^n m=l l<j<m 

and 

-A, _„-A, „ y A, -2 E A 3 - 



det 



/• A, _ -A, n V A, 

/ 77-^a7 n (i - - { - v — t/ Zk } p — x 

J T/Zi — p 1 m= i 



n 11 * 

l<j<fe l^t, t-p JZj t(p — 1) 



i^j<l 



k,l=l 



n-1 

= r p (i + 2 £ a™)- 1 [] r p (i + 2A m ) J] (i - v^)? A,+Am) II 24 sin p( 2 ^ D A ^ 

m=1 m=l l<Z<m^n m=l m <J<" 



where C is an anticlockwise oriented contour around the origin t = separating the sets {p s ~ Am z m 
| m = 1, . . . ,n , s e Z^o} an d {p s+Amz m \ m = 1, . . . ,n , s € 2^ } • These formulae are analogues of 
the next formula [VI] : 



Zk + l 

det 



H- n (* - « m ) m * = r(i + e ^r 1 n r (! + A ™) n ( z < - z ™) 

t-Zl m =l ^^=1 m =l ^ A A 

Example. Theorem 5.9 for n = 1 and arbitrary £ gives the following g-beta integral 

7 t fc (at fc )oo(V*fc)oo M (^Afe)oo s A i (^+ 1 ) 00 (^a6) c 
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where \a\ < 1 , \b\ < 1 , \x\ < 1 . In Section 7 we use this formula to prove Theorems 5.9 - 5.11. We give 
a proof of the formula in Appendix D and show there that the calculation of the integral by residues 
inside the torus implies the formula for the g-Selberg integral proved by Aomoto [AK, Theorem 3.2], 
see formula (D.9). 

Example. The formulae of Theorems 5.10 and 5.11 for n = 2 are particular cases of the following 
formula 



i i 



141 [ 17 0(pt k /c)6(x e 1 abct k ) yr yr (tj/tk)^ n = 

1 l\ tkiatkUibtk^ia/tkUiP/tkU l\ l\ (xtj/tk)^ 



= M'" II T^TT 



(x)^ (x e+s - 1 aba(3) <x> 6{x s ac) 6{x s bc) 



sJ- (x s+1 )cc {x'aa)^ {x s aP) QO {x'ba)^ (x'b/3)^ (p)^ 

where \a\ < 1 , |6| < 1 , \a\ < 1 , |/3| < 1 , \x\ < 1 . This formula is a multidimensional generalization 
of the Askey-Roy formula (5.12). In Appendix E we give a proof of this formula and show that the 
calculation of the integral by residues outside the torus implies the formula for the most general 
multidimensional g-beta integral conjectured by Askey [As, Conjecture 8], see formula (E.8). 

Remark. It is plausible that the assumptions onp, £i, . . . ,£ n , zi,...,z n of Theorems 5.9 - 5.11 as well 
as of Theorems and Lemmas 2.16, 2.18, 4.5, 4.6, 5.7, 5.8, 6.2, 6.5, 6.6 could be replaced by the following 
weaker assumptions: the step p and the parameter r] are such that (2.13) holds, and the parameters 
£i , ■ ■ ■ , £ n an d z i j ■ • ■ i z n ar e such that 

£i£ m zi/z m ^ p s if , l,m=l,...,n, seZ. 

for any r = 0, ...,£— 1 and s£Z. 

The hypergeometric solutions of the qKZ equation 

Let W be any element of the elliptic hypergeometric space T dl . The restriction of the function W 
to a fiber defines an element W\ z e T dl {z) of the elliptic hypergeometric space of the fiber. The hyper- 
geometric pairing allows us to consider the element W\ z £ £u(z) as an element s w (z) of the space 
H*(z) dual to the hypergeometric cohomology group H(z) . This construction defines a section of the 
bundle over C x ™ with fiber H*(z) . 

There is a simple but important statement. 

(5.15) Theorem. Let £i, . . . ,£ n obey (2.14). Then the section s w is a periodic section with respect 
to the Gauss-Manin connection. 

The theorem is proved in Section 7. 

Consider the hypergeometric pairing as a map I(z) : T Al {z) — ► [T{z))* so that for any W £ T^ u we 

have s w — I(z)W\ z . Let V\, . . . ,V n be Verma modules over {/^(s^) with highest weights <j Al , . . . , 
q An . Recall that 

q 2 = V, V Am =£,m, m = l,...,n. 

The map I(z) and the tensor coordinates B T (z) induce a map 

(B T (z))*oI(z) : Jia(z) - (V T1 ® . . . ® V Tn ) t . 

n 

(5.16) Lemma. Let n = r/ 1 ^ J] Cm • Let (2.13) - (2.15) hold. Then for any W £ £ u (z) we have that 

711—1 

(B T (z))* o I( z ) •fe(y T1 ®...® v Tn )f ng . 

n 

(5.17) Lemma. Let n = p^rf- 1 \\ ^ . Let (2.13) - (2.15) hold. Then for any W £ Ji u {z) we have 
that (B T (z))*oI(z) ■ W £ (V T1 ® . . . ® V T X n z 9 - 

Lemmas 5.16, 5.17 follow from Lemmas 5.7, 5.8, respectively. 
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A section s w and the tensor coordinates B T induce a section 

(5.18) ^> T W : z ~ £ (t^®...®^), 

of the trivial bundle with fiber (V Tl ® . . . ® V^ n )^ . Here z* 7 = (z CTl , . . . , z CTn ) . If r is the identity per- 
mutation, then we write instead of . 

Theorems 5.15, 4.7 and Lemmas 5.16, 5.17 imply the following statement. 

(5.19) Corollary. The section \I>^ is a solution of the qKZ equation with values in (V Tl ® . . . ® V Tn ) e . 

n n 

Moreover, if k = n 1 ^ 1 \\ £ TO , then takes values in (V Tl ®. . .®V Tn )f n9 , and if n = p^rf^ 1 T\ Cm 1 , 



m—l 

then tyjy takes values in (V Tl ® . . . ® V Tn ) s /™ 9 



We call solutions the hypergeometric solutions of the qKZ equation. 

Let S m . T (zi 7 . . . , z n ) : V Tl ® . . . ® V Tn — > ® . . . ® (8) V^- m ® • ■ ■ ® equal the operator 

Pv i/ i/ (Zm/zm+i) acting in the ra-th and (to + l)-th factors. Define operators S TT i acting 

on functions of z\,...,z n by the following formulae: 

(5.20) (<SV-(m,m+l),r /) { z l, ■ ■ ■ 7 z n) — S mtT {z\, . . . , Z m +i, Z m , . . . , Z n ) f(z\, . . . , Z m +1 1 z nu • ■ • i z ri) j 

where (to, to + 1) is a transposition, to = 1, . . . , n — 1 , and r, r', r" G S™ are arbitrary permutations. 
The operator S T _ T > acts on a function taking values in V T i ® . . . ® V T ^ and the result is a function taking 
values in ® . . . ® V Tn . 

(5.21) Lemma. Formulae (5.20) define operators S TtT > selfconsistently. 

The statement follows from the inversion relation (3.6) and the Yang-Baxter equation (3.8). 
The qKZ equation has the following important property. 

(5.22) Theorem. The qKZ equation is functorial. Namely, for any permutations t,t' G S™ and any 
solution of the qKZ equation with values in V T ^ ® . . . ® V T ^ , the function S TtT r$> is a solution of the 
qKZ equation with values in V Tl ® . . . ® V Tn . 

(5.23) Theorem. The hypergeometric solutions of the qKZ equation are functorial. Namely, for 
any permutations t,t' G S" and any function W G T eU we have that Sr^'^l^ = . 

The statement follows from Theorem 4.4. 

The hypergeometric map 

Let Vf(zi), . . . , Vn(zn) be evaluation Verma modules over E pn (sl2) with highest weights Ai, . . . , 
A„ and evaluation points z\, . . . , z n . Let Vf, . . . , V£ be the corresponding f)-modulcs. The tensor 
coordinates B T (z) , C T >(z) induce the hypergeometric map 

(5.24) I T}T ,(z) : (V r e , ® . . . ® (V Tl ® . . . ® V Tn ) t , 

I T , T ,(z) = (B T (z))*oI(z)oC T ,(z). 

n 

(5.25) Theorem. Let (2.13) - (2.15) hold. Let k ±:l J] »7 Am ^ for any r = 0, ...,£- 1 , s G Z . 

m— 1 

Assume that for a permutation t' we have k Yl V T ' 1 1 V T| ^ P s V r f° r an Y 171 — 1, ■ ■ ■ ,n—l , and 
r = 1 —£,...,£— 1 , seZ. Then the hypergeometric map I T _ T < (z) is well defined and nondegenerate. 
The statement follows from Lemmas 4.2, 4.10 and Theorem 5.9. 
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(5.26) Theorem. Let (2.13) - (2.15) hold. Let Jl V 2Am P a rf for any r = £ - 1, . . . ,2£ -2 , seZ. 

m—l 
2A / 

Assume that for a permutation r' we have [} n T i ^ p s rj r for any m — 1, . . . , n — 1 , and r = 0, 
. . . , 2£ — 2 j sGZ. Then the hypergeometric map I T _ T '(z) is well defined and nondegenerate for any k 

n 

in the punctured neighbourhood of n 1-1 Yl V Am • Moreover, I T ^ T >(z) considered as a function of k has 

711—1 

n 

a hnite limit as k — ► n 1-1 Yl n Am and the limit lim I TmT >(z) is nondegenerate. 

m— 1 

n 

Define the hypergeometric map I T ^ T '(z) at K = n x ~ l Yl y Am by the analytic continuation with 

m—l 

respect to k . Notice that the restriction of the map I T ^ T >{z) to the subspace (V3 . . . Vfi )g is 

n 

regular at k = n 1-1 Yl n Am , since in this case all the maps involved in definition (5.24) are well defined 

m—l 

n 

at k = i] 1-1 Y\ n Am . 

Ill — 1 

n 

(5.27) Corollary. Let k = r/ 1- ^ Yl ?? Am an d & e assumptions of Theorem 5.26 hold. Then 

m—l 

I T , Tl {z){v^ ® (V T e , ® . . . ® V T \) e ) = (V T1 ® . . . ® Vrjf fl . 
The statement follows from Lemma 5.16. 

n 

(5.28) Theorem. Let (2.13) - (2.15) ioJd. Let J] V 2Am ^ P s V r for any r = £ - 1, . . . ,2£ - 2 , seZ. 

m—l 
2A / 

Assume that for a permutation r we have Yl V V P Sf f f° r an Y m = 1, • - • , ^ — 1 ? and r = 0, 

m < / ?C n 

. . . , 2£ — 2 , sgZ. Then the hypergeometric map / r-r /(z) is wcli dehned and nondegenerate for any k 

n 

in the punctured neighbourhood of p~ x rf~ l Yl rj~ Am . Moreover, I T ^ T >(z) considered as a function of k 

m—l 

n 

has a finite limit as k — ► p~ x rf~ x Yl r]~ Am and the limit lim I TiT /(z) is nondegenerate. 

m—l 

n 

Define the hypergeometric map I r ^ r >(z) at K = p _1 ?7 1 J} i]~ m by the analytic continuation with 

m—l 

respect to . Notice that the restriction of the map I TiT *(z) to the subspace (V£ . . . Vf, ) £ 

n 

is regular at k = p -1 ?/ -1 Y\ n~ Am , since in this case all the maps involved in definition (5.24) are well 

m—l 

n 

defined at k — p -1 ^" 1 Yl n~ Am . 

m—l 

n 

(5.29) Corollary. Let k = p~ x rf~ x Y\ f]~ Am and the assumptions of Theorem 5.28 hold. Then 

m—l 

Ir,A*)((VZ ® • ■ ■ ® V? n -i)t ® « [01 ) = (Vtl ® . . . ® V^JIJ. 

The statement follows from Lemma 5.17. 

Theorems 5.26 and 5.28 are proved in Section 7. 

Therefore, we constructed the hypergeometric maps 

I T , T . (z) : V T e , (z T , ) ® . . . ® V£ (z K ) - V T1 (z Tl ) ® . . . ® V Tn (z Tn ) 

from modules over the elliptic quantum group to modules over the quantum loop algebra. The maps 
have the following properties: 

(5.30) I T -(m,m+l),T'(z) = Pv Tm V Tm+1 R V^ m V Tm+1 ( z r m / z r m + 1 ) It.t'{z) , 

It,t' •(m,m+l)( z ) = It,t'{z) X 

X Pye ye Rye y e (z r ^ / Z T ^ , (jj " ® . . . ® <g> 77"^ ® . . . (g) 77^^ ) 1 «) , 
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where (m, m + 1) is a transposition. 

For any elliptic weight function W({t, z) let Y t T (z) be the corresponding adjusting factor. Recall 
that this means that the product Y ( T (z)Wf(t, z) is an element of the elliptic hypergeometric space. 
Define a map Y T (z) e End(V^ ® . . . ® Vf n ) by the rule: 

Y T (z) : v [l ^ ] ® . . . ® w [[t "] F^z)^ 1 ^ 1 ® . . . ® iA" 1 . 

The map F T (z) is called an adjusting map for the tensor product ® • • • ® ■ 

If v 6 Vjf, ® . . . ® T/jf, , then the hypergeometric map I T . T >(z) and the adjusting map F T (z) define 
a section 

: ^ >- I T , Tl (z T ")Y T \z T ")-v &V Tl ®...®V Tn 

where z 17 = (z ai , . . . , z„ n ) . 

(5.31) Theorem. For any adjusting map Y T (z) and any v e (V^f, ® . . . ® V£ ) e the section ^ YT > 

is a solution of the qKZ equation with values in (V Tl ® . . . ® V Tn ) e . Under assumptions of each of the 
Theorems 5.9-5.11 all solutions are constructed in this way. 

The theorem is proved in Section 7. 

Remark. Theorem 5.31 can be reformulated as follows. For a given adjusting map Y T (z) the assignment 
v i > ^^fyT defines an isomorphism of the space § of solutions of the qKZ equation with values in V\ ® 

...®V n and the space V£ ® . . . ® VJf ® F , where F is the space of functions of zi,...,z n which are 
p-periodic with respect to each of the variables, 

(5.32) C T : V£ ® . . . ® V£ ® F ^ §. 

The compositions of the isomorphisms: C T)T / = C,: 1 C T / , define linear maps 

(5.33) C r , T , (z) : F r e , ® . . . ® -f V£ ® . . . ® V T « 

depending on z\, . . . , z n and p-periodic with respect to all the variables. We call these compositions the 
transition functions. Theorem 6.2 in the next section shows that C TjT '(z) is a transition function from 
the asymptotic solution of the qKZ equation in the asymptotic zone A T to the asymptotic solution in 
the asymptotic zone A T < , cf. (6.1). 

Notice that C TjT >(z) differs from the transition function C T . T \z) defined in Section 4, namely 

(5.34) C T ,r,(z) = {Y T {z)Y 1 C T , Tl {z)Y T \z). 

Let S TyT > be operators defined by formulae (5.20). We extend their action to matrix- valued functions 
in a natural way. 

The maps I T {z) — I t ,t{z t )Y t (z t ) satisfy the qKZ equations with values in V Tl . . . V Tn , re- 
spectively. The following theorem describes their "monodromy" properties with respect to permutations 
of the variables z\,...,z n in terms of the elliptic i?-matrices. 

(5.35) Theorem. For any permutation teS" and any transposition (m, m + 1) , m = 1, . . . , n — 1 , 
we have that 

(S T ,r-(m,m+l)Ir-(m,m+l)){^) = It(z)(Y t (z T )) 1 X 

X Py c y c Ry e y c (z„ l+ 1 /z m , (T] " ® . . . ® T] " ® 7] " " ® . . . ® T}~ " ) 7] " 1 «) X 

x yT'(m,m+l)| z (m,m+l)T _1 j 

The statement follows from formulae (5.30). 
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6. Asymptotic solutions of the qKZ equation 

One of the most important characteristics of a differential equation is the monodromy group of its 
solutions. For the differential KZ equation with values in a tensor product of representations of a simple 
Lie algebra its monodromy group is described in terms of the corresponding quantum group. This fact 
establishes a remarkable connection between representation theories of simple Lie algebras and their 
quantum groups, see [K], [D2], [KL], [SV2], [V2], [V4]. 

The analogue of the monodromy group for difference equations is the set of transition functions 
between asymptotic solutions. For a difference equation one defines suitable asymptotic zones in the 
domain of the definition of the equation and then an asymptotic solution for every zone. Thus, for every 
pair of asymptotic zones one gets a transition function between the corresponding asymptotic solutions, 
cf. [TV3] . 

In this section we describe asymptotic zones, asymptotic solutions, and their transition functions 
for the qKZ equation with values in a tensor product of f/^s^-modules. A remarkable fact is that 
the transition functions are described in terms of the elliptic i?-matriccs acting in the tensor product 
of the corresponding E pn {sii)- modules. This fact establishes a correspondence between representation 
theories of quantum loop algebras and elliptic quantum groups, since the qKZ equation is defined in 
terms of the trigonometric i?-matrix action in the tensor product of [/ ? (s[2)-modules (and, therefore, in 
terms of the quantum loop algebra action), and the elliptic i?-matrix action in the tensor product of 
-E p , 7 (sl 2 )-modules is defined in terms of the action of the elliptic quantum group. 

Consider the qKZ equation with values in (Vi®. . .<giV n ) e . For every permutation r £ S™ we consider 
an asymptotic zone A T in C x " given by 

(6.1) A r = {zeC xn | |z Tm /z Tm+1 |«l, m=l,...,n-l}. 

Say that z tends to limit in the asymptotic zone, z =4 A T , if z Tm / z Tm+1 — > for all m = 1, . . . , n — 1 . 

Say that a basis "J^i, . . . , \I/jv of solutions of qKZ equation form an asymptotic solution in the asymp- 
totic zone A r if 

= hj(z)(vj + o(l)), 
where h\(z), . . . , h N (z) are meromorphic functions such that 

hjizi: ■ • ■ ; PZmi • • • i Zn) — &jm hj (zi , . . . , Z n ) 

for suitable numbers a,j m , v\, . . . , Vn are constant vectors which form a basis in (Vi ® . . . ® V n ) i , and 
o(l) tends to as z =$ A T . 

For every permutation r G S™ we constructed the functions , I £ Z™ , whose restriction to a fiber 
gives a basis in the elliptic hypergeometric space of the fiber. Let Y| T , I £ Z™ , be the corresponding 
adjusting factors so that the functions YyW{ are in the elliptic hypergeometric space. These functions 
define a basis ^y^Wf , I £ Zg l , of solutions of the qKZ equation, cf. (5.18). 

m 

Recall that T l — (l T1 , . . . ,[ Tn ) for any For [, m £ Z™ say that [ <C m if I ^ m and J2 k ^ 

m i—1 

irii for any m = 1 , . . . , n — 1 . 

i=l 

(6.2) Theorem. Let the parameters £i,...,£ n obey condition (2.14). Then for any permutation 
t £ S n the basis ^y^wj , I £ Z ™ , is an asymptotic solution in the asymptotic zone A T . Namely, 

*Yrw T {z) - Y ( T (z){f2{ + o(l)) 

as z tends to limit in the asymptotic zone, z =4 A T , so that at any moment assumption (2.15) holds. 
Here 

f2{ = H[ F h Vl <g> . . . O F l -v n + N im Fmi vi ® . . . <8 F m "v n 
for suitable constant coefficients N[ m and S[ , and the constant EJ is given by 



m=l l^Km l^.l<m 

r 1 (T^oo (^ _S «, m ) _1 U)oo (PV~ S Kl m £, m )c 



n 



(»y-'- 1 )oo('7- a ^,)oo(p)= 
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where <r = r 1 and K\ m = k H r? Jl V U ti 1 - 
The theorem is proved in Section 7. 

Remark. The trigonometric i?-matrix has finite limits as x tends to zero or infinity, cf. (3.7). 

Thus, the qKZ operators K\(z), ... , ^(z) have finite limits as z tends to limit in an asymptotic zone: 

K m (z) = K T m (1 + o(l)) , z=TA T , m = l,...,n. 



where are some operators independent of z . 
with eigenvalues aj m , cf. (6.3). 

Remark. Recall that the adjusting factors Y ( T (z) 



The vectors Q\ form an eigenbasis of the operators 
have the following properties: 



(6.3) Y\{zu . . . ,pz m , z n ) = al m Y?{zi, z n ) , 

aj, m = ^ n i- i 'H\ m & n ^H~ [m c [ <, 

for any r € S , I G Z™ , m = 1, . . . , n . Here a = r _1 . 

Remark. If the absolute value of k is sufficiently small, then the relation Y£(z) — o(Y^(z)) as z tends 
to limit in the asymptotic zone, z =X A T , implies that T m» T I, cf. (6.3). Similarly, if the absolute value 
of k is sufficiently large, then the relation Y£(z) = o(Y[ T (z)) as z tends to limit in the asymptotic 
zone, z =} A T , implies that T m -C T l • 

For example, assume that \rj\ = 1 , £ m = 1 , m = 1, . . . , n , |/t| < 1, and all the adjusting factors 
Y£(z) are regular at point (1, . . . , 1) 6 C x ™. Let z = (p Sl , . . . ,p s ") where s\, . . . , s n are integers. Then 

n 

the relation Y£(z) — o(Y ( T (z)) as z=|A T implies that the sum ^ s i( m i — 'i) is large positive if all 

»=i 

n n 

the differences s Tm — s Tm+1 , m = 1, . . . , n — 1 are large positive. Since ^ ^ = X) m * we have that 

i=l i=l 

n n-l 4 

^ s,(m, - lj) = ^ (s Ti - s n+1 ) g (m Tj - l Tj ) . 

i=l i=l 

i i 

Therefore, J2 m T 3 ^ J2 for any i = 1, . . . , n — 1 , and m^I, that is T m > T \ . 

j=i j=i 

Remark. The qKZ equation depends mcromorphically on parameters n, £i, . . . ,£„ . Let the adjusting 
factors Y[ T depend meromorphically on k, £i,...,£ n - Then the basis of solutions "J/^wt, [ g Z" also 
depends meromorphically on /c , £i, . . . , £ n . The asymptotics of the basis ^y t w t > ' G -2 ™ , described in 
Theorem 6.2 determine the basis uniquely. Namely, if a basis of solutions meromorphically depends on 
the parameters n, £i, . . . ,£„ and has asymptotics in A T described in Theorem 6.2, then such a basis 
coincides with the basis 5^^. In fact, elements of any such a basis are linear combinations of the 
functions ^y t w t with coefficients meromorphically depending on k, £i,...,£ n and p-periodic in z\, 
... ,z n . To preserve the asymptotics one can add to an element $yr ff r any other functions *Y£W£ 
having smaller asymptotics. If the absolute value of n is sufficiently small, then one can add only the 
functions ^y t w t with T m ^> T [, and if the absolute value of k is sufficiently large, then one can add 
only the functions ^y t w t with T m <C T l , see the previous Remark. Since the coefficients of added terms 

m m 

are meromorphic they have to be zero. 

Remark. The asymptotic solution tyy^w? > ' S Z™ , in the asymptotic zone A r of the qKZ equation 

with values in (Vi ® . . . <S> V n ) e , cf. Theorem 6.2, is an image of the monomial basis u^il ® . . . ® , 

[ e Z" , of (V^ <S> • • • ® K- e „)f under the composition iid,T-(z) ^" T ( 2 ) of the hypergeometric map and the 
adjusting map, cf. Theorem 5.31. The transition functions between the asymptotic solutions are linear 
maps C TiT ' , see (5.33). Formula (5.34) and Theorem 4.16 show that the transition functions between 
asymptotic solutions corresponding to neighbouring asymptotic zones are given by the dynamical elliptic 
_R-matrices twisted by the corresponding adjusting maps. 

Example. Theorem 6.2, formula (5.34) and Theorem 4.16 allow us to write an elliptic i?-matrix as an 
infinite product of trigonometric i?-matrices. Namely, consider the qKZ equation with values in the 
tensor product of two U q (sl2) Verma modules Vi®V2 with highest weights q Al , q A2 , respectively. Then 
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there are two asymptotic zones \z\jzi\ ^> 1 and Z1/22 <C 1. Our result on the transition function 
from the first asymptotic zone to the second one is the following statement. 

Let Vf, V2 be the evaluation Verma module over E Pi7 (sl2) with highest weights Ai, A 2 , respectively. 
Then we have 



(6.4) 



provided the infinite product in the right hand side is suitably regularized and the factors of the product 
are ordered in such a way that s grows from the right to the left, see the example below. The restriction 
of formula (6.4) to the weight subspace {V\ ® of weight q A ^+ A ^- 1 can be transformed into the 
infinite product formula for 2x2 matrices, which looks as follows. 

Let a, b, c, d, a, S,p be nonzero complex numbers such that \p\ < 1 and 



a/S^p s , 



a/d^p s 



for any s e Z . Set A(u) 
dct A(u) = . Then 



a — au bu 
c d— Su 



bc^ (l-p s )(p- s ad- 6a) 
Let A, be two solutions of the quadratic equation 



-a b 
-S 



—s 



u p 



s(s+l)/2 



/ 1 o\ 



\a-d V 



I a8(au/a) (pXS/a)^ (pfiS/a)^ bu6(u 1 a/ &)(jp\a/a) 00 (piia/a) 00 ^ 
(P d / a )oo (i"V a )oo (P)oo (P d / a )oo {a/8) x (p)^ 

c0(au/d) (pXS/d)^ (pfiS/d)^ d6{5u/d){\a/d) 0O {iia/d) c 
V (a/d) 00 (pS/a) QC (p) 00 



(oAOoo ( a / S )oc (P) c 



V 



S — a 
1 



where the factors of the product are ordered in such a way that r grows from the right to the left. 

Theorem 6.2 admits the following generalization. Fix a nonnegative integer k not greater than n . 
Fix nonnegative integers Uq , . . . , nj, such that 

= no < rii < ■ ■ ■ < rik = n 

and consider an asymptotic zone in C x ™ given by 

A = {z E C x " I \z m Jz mi+1 1 <C 1 for all mi, . . . , rrik such that n^i < m,i < rii , i = 1, . . . , k} . 

We say that z tends to limit in the asymptotic zone, z A, if zi/z m ^0 for all l,m such that 
rii^i < I ^ rii < m ^ fii + i for some i = 1, . . . , k — 1 , and \zij z. m \ remains bounded for all I, m such 
that 7ii_i < Z, m < m for some i = 1, . . . , k . 

k 

Fix nonnegative integers I 1, . . . , £k such that ^ li — I . Let 



and 



•F 3~\z ni -i+l 1 ■ ■ ■ 1 z ni i + 1 j ■ • • ; £rij i ^i] 



where Ki = Ki] J> * ]<% \\ £ ; LJ £ ; . Let y(zi, z„) be an adjusting factor for the tensor product 
■ ■ ® -^?[4] 7 CI - (4.20). Then we have linear maps 



and 

fi®...®fk>->fi*---*fk fi ® ■ ■ ■ ® fk ^ (/1 * • • • * /fe)^ 

with respect to the tensor products introduced in Section 4. 

Let m G Z" . Say that m^> . . . ,£k) if X) m ( ^ S 4 f° r an y i = 1, ■ ■ ■ , A; — 1 , and at least one 
of the inequalities is strict. 1=1 j=1 
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For any W <G ^[li] let ^w(z ni - 1 +i, ■ ■ ■ ,z ni ) be the solution of the qKZ equation with values in 
(V nz _ 1+ i <g> . . . ® V ni ) e . corresponding to W (cf. (5.18)). 

(6.5) Theorem. Let the parameters £1, . . . ,£„ obey condition (2.14). Let Wi € TJ\£%\ , i = 1, . . . ,k . 
Let W = W\ * . . . * Wk and let Y be an adjusting factor for the tensor product Tj^ [I i ] <S> • • • ® [4] ■ 
Then the solution ^yw{ z ii ■ ■ ■ , z n) of the qKZ equation with values in (V\ (g>. . .®V n ) e has the following 
asymptotics as z tends to limit in the asymptotic zone, z =4 A , so that at any moment assumption 
(2.15) holds: 

k 

^ Yw{z)= JJ^.tl II #Y(z)(f2 w (z)+o{l)) 

i=l l^j'^n^! 

where 

n w (z 1 ,...,z n ) = V Wl (zi,---,Zn 1 )®---® i &w k (z nfe_i + l; • ■ • 7 z n) + 

+ E A N$ tm (z ni _ 1+1 ,...,z ni )F m ivi®...®F m »v n 

m»(<i,...A) ' =1 

for suitable coefficients N$ m (z ni _ 1+ i, .. .,z m ) . 

Theorem 6.5 follows from Theorem 6.6 below which describes asymptotics of the hypergeometric pairing. 

k 

Let £[,..., £' k be nonncgative integers such that — £ ■ Say that (£[, . . . , £' k ) 3> (4, ■ ■ ■ , £k) if 

£ > £4 for any i = 1, . . . , A - 1 , and (4, . . . ,4J ^ (4, . . . ,4) • 

(6.6) Theorem. Let the parameters £i, . . . ,£„ obey condition (2.14). Let € ^[I'j] and Wi £ Jil\£i\ , 
i = 1, . . . , k . Let w = wi* . . .*Wk and W — W\ * . . . * Wk ■ Then the hypergeometric integral I{W, w) 
has the following asymptotics as z tends to limit in the asymptotic zone, z =4 A , so that at any moment 
assumption (2.15) holds: 

W w )= 77^77 II II # ( ft I{W hWi ) + o{l)) 

1=1 j^.m-i 

for (£[,..., £' k ) = (£,,..., £ k ) and 

I(W, w) = 0(1) for (£[,..., £' k ) » (4, . . . , 4) , 

/(W, w) = o(l) , otherwise. 

The theorem is proved in Section 7. 
7. Proofs 

This section contains proofs of the statements formulated in Sections 2-6. Basic facts about the 
trigonometric and elliptic hypergeometric spaces are given in Appendices A and B, respectively. In 
particular, we give there proofs of Lemmas 2.21, 2.31, 2.36-2.39. 

Proof of Lemmas 2.22, 2.33. The statements immediately follows from Theorems A. 7, B.8, respectively. 

□ 

Proof of Lemmas 2.23, 2.2 %. The first claims of the lemmas are respectively equivalent to the first and 
second formulae in (A. 5). The second claims of the lemmas are the same as Corollary A. 8. □ 

Lemma 4.3 follows from formula (A. 3) in [IK] and the definition of the evaluation modules by induction 
with respect to the number of factors in the tensor product. Nevertheless, we give here an independent 
proof of Lemma 4.3 which is similar to the proof of Lemma 4.15 in the elliptic case. 

Proof of Lemma 4-3. Without loss of generality we can assume that r is the identity permutation. We 
give a proof of the second formula of the lemma. The proof of the first formula is similar. 

It suffices to prove the formula for generic values of parameters r\ , £i, . . . ,£„ , z\, . . . , z n , since both 
sides of the formula are analytic functions of the parameters. 
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Define functions X[(t\, . .. ,tt) , I £ -Z™ , by the rule: 

e 

Ln(ti)...Ln(tt)vi®...®v n = J2Mti,---,te) 1] q lmA '- hAm - hlm l[t e a (1 ~ n) F h v 1 ®...®F l "v n . 

l£Zf l^Km^n a=l 

The claim of the lemma means that for any [ £ the function X[ coincides with the polynomial Pi 
defined by formula (A.9). 

m m 

For [, m G Z™ say that [<m if J2 U ^ J2 m 'i f° r am/ m = 1, . . . ,n — 1 . Say that [ <C m if I ^ m 
and [<m. 1=1 i=1 

By the definition of functions Xi , they are symmetric polynomials in £ variables of degree less than 
n in each of the variable. Hence, they are linear combinations of polynomials Pi : 

By Lemmas 7.1, A. 12 the matrix U is upper triangular: U[ m = unless [ <C m, as a ratio of upper 
triangular matrices, and simultaneously lower triangular: Ui m = unless I g> m , as a ratio of lower 
triangular matrices. Therefore, the matrix U is diagonal. Moreover, by the same lemmas Uu = 1 for 
any [ G Zf . Hence, U is the unit matrix. Lemma 4.3 is proved. □ 

For any I 6 Zf let x > I, y < I E C xe be the following points: 

X>1 = (l] 1 ~ h (, 1 Z 1 , ?7 2 ~ [l £iZi, . . . ,£ 1 Z 1 , 7] 1 ~ l2 (,2Z2, ■ ■ ■ ,&Z2, ■■■ , V 1 ~ ln £nZ n , ■ ■ -,£,nZ n ) , 

cf. (2.35), (A.ll). 

(7.1) Lemma. X[(x>m) =0 unless [<§Cm. X[(y<\m) =0 unless [>m. Moreover, 

n [ m -l 

a,(x>[) = (q-q- 1 ) 1 n n( n (t'&^-s -1 **) n (^~ s ^ m -^))- 

m=l s=0 1^2<m m<i<n 

Proof. The proof is given by the straightforward calculation based on the definition of the coproduct in 
the quantum loop algebra U' q {Q{ 2 ) ■ We illustrate the calculation by the following example. 

Let n = 3 . Let A (3) = (A <g> id) o A : U' q (gl 2 ) -> ^(fly® 3 be the iterated coproduct. We have that 

(7.2) A (3) 0Lr 2 W) = ® ® ir 2 (*) + L ii(t) ® L r 2 (*) ® ^ (*) + 

+ Lr 2 (*) ® ® ^2 2 (*) + L u (*) ® ® ^r 2 (*) • 

Let £ = 4 , m = (1, 1, 2) . Recall that n = q 2 and £ m = q 2A ™ . 
We have to calculate the following expressions 

(7.3) L u (^ 1 z 1 )Ll 2 (^2Z 2 )L u (^ 1 ^ 3 z 3 ,)L^ 2 (£_ 3 z 3 ,)v 1 <g> w 2 w 3 , 

(7.4) ir2(cr 1 2i)ir2(^ 1 22)ir2(»7C l2; 3)ir2(c l2; 3)wi ®« 2 ®«3- 

To compute L^^ -1 ^^) ^12(^3^3) wi ® «2 ® «3 we need only the first term in the right hand side of for- 
mula (7.2), since all other terms vanish. Then to compute L^ 2 (^ 2 z 2 ) L^-q -1 ^ 3 z 3 ) L^ 2 (^ 3 z 3 ) vi <g> V2 <8> v 3 
we need only the first and second terms in the right hand side of formula (7.2) for the same reason. 
Finally, at the last step we have to use all four terms in (7.2) and we find that expression (7.3) is a linear 
combination of vectors 

Fvi ® Fv 2 ® F 2 v 3 , Fvi <g> v 2 <g> F 3 v 3 , v\ ® F 2 v 2 ® F 2 v 3 , vi ® Fv 2 ® F 3 w 3 , «i ® w 2 ® ^ 4 "3 . 
The coefficient of vector Fui ® Fw 2 -F 2 t>3 can be easily calculated and it has the prescribed form. 
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To calculate expression (7.4) we first use the commutativity of the factors in the product and transform 
the expression as follows: 



L 12(V^3 lz 3)L 12 (Z 3 1 z 3 )L 12 (£ 2 1 z 2 )L 12 (£ 1 1 zi)vi ®v 2 ®v 3 . 

Then to compute L^[ 2 {^ z\)v\ <g> v 2 ® v 3 we need only the third term in the right hand side of formula 
(7.2), and to compute L^ 2 (^ 2 z 2 ) L^^ 1 zi)vi <g> v 2 ® v 3 we need only the second and third terms. The 
rest of the calculation is clear. 

The general case can be considered similarly. □ 

Proof of Lemma 4-15. The proof is similar to the proof of Lemma 4.3. So we give only the main points 
of the proof. 

Without loss of generality we can assume that parameters r\ , £i, . . . , £„ , z\, . . . , z n are generic, and 
r is the identity permutation. Define functions Ei(ti, . . . ,te) , [ G Z™ , by the rule: 

(7.5) T 21 (t 1 ,\)...T 21 (t e ,7 1 £ - 1 \)F h v 1 ®...®F l -v n = 

l-l n in 

s=0 m - 1 o=l m=l 

n 

Here A = n LJ . We have to show that E\ = c, J\ for any [ G Z™ , where the constant c { and the 

m— 1 

function Ji are given by formulae (4.9) and (B.9), respectively. 

By the definition of functions S { , they are holomorphic function on C x£ having the property 

n 

Si(tl,...,pt a ,...,t e ) = K II Z m {-t a )~ n Si(tl, . . . ,U) . 

m—1 

Therefore, they are linear combinations of the functions J[ : Si(t) = ^ Ui^J m (t), I G Z" . Lem- 

mez™ 

mas 7.6 and B.10 imply that the matrix U' u is diagonal and = c { , t G Z™ . Lemma 4.15 is proved. 

□ 

(7.6) Lemma. E[(x >m) = unless [<§Cm. E[(y<m) = unless [»m. Moreover, 

Proof. The proof is similar to the proof of Lemma 7.1 and is given by the straightforward calculation 
based on the definition of the coproduct in the elliptic quantum group E pn (sl 2 ) . Two remarks on the 
calculation is to be done. 

The calculation becomes more transparent if it is done in the dual picture, that is if we replace formula 
(7.5) by the dual one 

(T 21 (t u A) . . . T 21 (t e , r/^A))* ( Vl ® . . . ® v n )* = 

e-i n in 

s=0 m_1 a=l m=l 

The factors in the product in the left hand side of this formula should be put in the suitable order, 
which can be done using commutation relations in the elliptic quantum group E p ^(sl 2 ) . For instance, 
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if I = 4 and m = (1, 1, 2) , then for the point x >m the suitable form of the corresponding product is 

T2i{^z 3 ,\)T 21 { V - 1 ^z 3 ,f ] \)T 21 ^ 2 z 2 ,r ] 2 \)T 21 ^ 1 z 1 ,r 1 :i X) = 

= T 21 ((, 1 z 1 ,\)T 21 (£ 2 z 2 ,ri\)T 21 ('i]- 1 £ 3 z 3 ,Ti' 2 \)T 21 ((, 3 z 3 ,ri 3 \) 

and for the point y < m the suitable form of the corresponding product is 

T 21 (£" 1 z! , A) T 21 1 z 2 , 77 A) T 21 1 z 3 , t? 2 A) T 21 (t?^" 1 z 3 , r? 3 A) = 

= T 2 i (Cf 1 2i , A) T 21 (£" 1 z 2 , v A) T 2 i (t?^ 1 ^ A) T 21 (£" 1 z 3 , t? 3 A) . 

The necessary transformation of the product in the general case is similar. □ 

Proof of Lemmas 4-18, 1^.19. The statements follow from definitions (2.20), (2.30) of the weight functions 
and Theorems A. 7, B.8, respectively. □ 

We extend the notion of the hypergeometric integral I(W, w) and consider the hypergeometric integral 
for any function w in the functional space T{z) of a fiber. Namely, let w(t, z) G T{z) be a function of 
the form 

r n t 

p(ti,. ..,*„,&,. ..,&,»?) n[n n (vSf _ £ - )(£ t _ pS+ i z \ * 

s=0 m=l a=l ^ C,mZm) {^mla P z m ) 

x n 1 

where P is a Laurent polynomial. If \z m \ = 1 for any m = 1, ...,n, the absolute values of the 
parameters £i, . . . , are small and the absolute value of the parameter rj is large, then we define the 
hypergeometric integrals I(Wi, w) by formula (5.3). For generic 77 , £1, . . . , £„ , Zi, . . . , z„ we define the 
hypergeometric integrals I(Wi, w) by the analytic continuation with respect to rj , £1, . . . ,£„ , z\,...,z n . 
Similar to Theorem 5.6 one can show that this hypergeometric integrals can be analytically continued as 
holomorphic univalued functions of complex variables rj , £1 ,...,£„ , 21 , • • • , z n to the region described 
in Theorem 5.6. For arbitrary functions w G T{z) , W G £u(z) we define the hypergeometric integral 
I(W, w) by linearity. 

Let DT(z) = {Dw \ w G .F(z)} . 

(7.7) Lemma. Let < \p\ < 1 . Let (2.13) (2.15) hold. Then the hypergeometric integral L(W,w) 
equals zero for any function w G DT(z) . 

Proof. The claim is clear if \z m \ = 1 for any m = 1, . . . ,n, the absolute values of the parameters £1, 
. . . , £„ are small and the absolute value of the parameter rj is large. For general rj , £1 , . . . , £ n , zi , . . . , 
z n the claim is proved by the analytic continuation. □ 

Proof of Lemma 5.7. The first claim of the lemma follows from Lemma 2.23 and 7.7. 

It suffices to prove the second claim under the assumptions that \z m \ = 1, m = 1, . . . ,n , \r/\ > 1 
and the absolute values of £1, . . . ,£„ are small, when the hypergeometric integral I(W,w) is given by 
formula (5.3). 

Let W G Q(z) , that is 

w(ti,...,t t ) = [w'(*2,...,t/)L 

ires' 

n 

for a suitable function W G T dl \rj~ l Yl £m! 21, ... , z «; £1, • • • , £«; ^ — l]( z ) • Due to formula (2.7), we 

m— 1 

have that 

(7.8) J(W» =l\ J*(h,...,t e )w(h,...,t t )W'(t2,...,tt)(.dt/t) t 

T e 

because the torus is invariant under permutations of the variables ti, . . . ,t e . 
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Since w(0,t2, ■■■,te) = for any w G 3~(z) , the integrand <&(i) w{t) W (t) considered as a function 
of t\ is regular in the disk \t\\ ^ 1 . Hence, I(W,w) = for any w G T{z) . □ 

Proof of Lemma 5.8. The proof is similar to the proof of Lemma 5.7. For the proof of the first claim 
Lemma 2.23 is to be replaced by Lemma 2.24. In the proof of the second claim the corresponding 
integrand is regular outside the disk \tt\ ^ 1 decreasing as 0{tj 2 ) at infinity. □ 

The hypergeometric integral defines linear functionals I(W, •) on the functional space of a fiber. 
Lemma 7.7 means that these linear functionals can be considered as elements of the top homology group 
Hg(z) , the dual space to the top cohomology group of the de Rham complex of the discrete local system 
of the fiber. 

Proof of Theorem 5.15. Recall, that in general the definition of the hypergeometric integral depends on 
z . In this proof we will indicate this dependence explicitly as a subscript: /(•,•) = /«(■,■) • g 

The section s w is defined by s w (z) = I Z (W\ Z ,-) where W\ z G T dl {z) denotes the restriction of the 
function W G Jiu to the fiber over z . The theorem is a direct corollary of the quasiperiodicity of the 
function W with respect to each of the variables zi, . . . ,z n : 

W(t,zi,...,pz m ,...,z n ) = ^W(t,zi,...,z„), m=l,...,n. 

Namely, the periodicity of the section s w with respect to the translation z m \— > pz m means that 

(7.9) I z ,(W\ z ,,w) = Iz(W\ z ,(<p t+m )\ x w) 

for any w G T{z') . Here z' = (z\, . . . ,pz m , . . . , z n ) and ipe +m is the corresponding connection coeffi- 
cient of the s^-type local system, see (2.3). 

Without loss of generality we can assume that both w and W are meromorphic function of the 
parameters £i, . . . , and rj . So it suffices to prove (7.9) under the assumption that the absolute values 
of £i, . . . , £„ are small and the absolute value of rj is large. Then, the hypergeometric integral is given 
by formula (5.3) and we have 



I x ,{W\ x ,,w) = J $(t,z')w(t)W(t,z') {dt/tf = 



I 



ft 

<f>(t,z)<p i+m (t,z)w(t)W{t,z) {dt/tf = I z (W\ z ,(<p i+m )\ z w) 



The middle equality reflects the fact that the product $ W is a phase function of system of connection 
coefficients (2.3). □ 

Proof of Lemmas 5.16, 5.17. We give here a proof of Lemma 5.16. The proof of Lemma 5.17 is similar. 
Without loss of generality we can assume that r = id . Let 

n 

v l = F ll vi ® . . . ® F ln v n , bi= J] g Im(Im_1)/2 + ImAm , 

111 — 1 

BE(t, z) = (q-q- 1 ) hwi(t,z)Ev l €J r (z)®(V 1 ®...®V n ) e _ 1 . 

Here E is a generator of U q {sl2) acting in V\ ® . . . ® V n . 

By the definition of the tensor coordinates (z) , cf. (4.1), and the map I(z) , the claim of 
Lemma 5.16 is equivalent to the following statement: 

L{W,BE) = 0. 

Let e(m) = (0, . . . , 1 , . . . , 0) , m = 1, . . . , n . Since 



U-Ai m 7J l-e(m) 

m —l 1 / ^ m m. < / ^ n 



42 



and recalling that r\ = q 2 , £ m = q 2Km , m = 1, . . . , n , we obtain 

be = -q' 1 '^ (E^+eMa-v-^^-v-c 1 ) n 

[e^ n _! m=l ls^m 

Therefore, i2E G 7^( z ) <S> (Vi ® . . . ® V n ) e _ 1 , see Lemma 2.23, and applying Lemma 5.7 we complete the 
proof. □ 

Our further strategy is as follows. First we prove Theorem 6.6 which, together with formula (5.13), 
implies Theorem 6.2. Using Theorem 6.2 we prove that the hypergeometric pairing is nondegenerate, cf. 
Theorem 5.9-5.11. At last, we prove Theorems 5.26, 5.28. 

Proof of Theorem 6. 6. To simplify notations we give a proof only for the case k = n , so that n m = m , 
m = 1, . . . , n . The general case is similar. 

Let wff G T[z m ;£ m ]l] and W^^[a] G T dl [a; z m ; £ m ; I } be the following functions: 

1 1 - 1 f 

(m) /, , \ I I j- V \ ^ f I I "-a 



(7.io) w %\t u ...,t hZm) = n ^ E [n r^hr 



w (m) r w. , \ tt [Ttt 6>(77 2a 'a 4 a /z m ) 

cf. (2.20), (2.30). We have the equalities 

wi = * . . . * and W { = [n lA ] * ... * wfy [«[,„] 

where K[ >rn = k ] [ 1 1 V'^i" 1 • Therefore, we have to study the asymptotics of the hyper- 

geometric integrals I(Wt, w m ) . 

Consider the hypergeometric integral I(Wi,w m ) . Due to property (2.7) all the terms in formula 
(2.30) for the function Wi give the same contribution to the integral. So we can replace the integrand 
®(t)w m (t) Wi(t) by the following integrand give the same contribution to the integral. So we can replace 
the integrand $(t)w m (t) W[(t) by the following integrand 



m-«~.m n ^0tr n(nS 



X 



x TT gK^Wf^j TT (Pgj W<»L TT (5 VfOoo \ 

4? ra (P)ooKn.*o/«m)oo(P^r n «mAo)oo ls ^< m (pW*o)oc m ^ n (6*°/*')°° ' 

where T m = {1 + l" 1 " 1 , . . . , r } , m=l,...,n. 

Assume that 77 > 1 and £ m < 1 for any m = 1, . . . , n. If |z m | = 1 for all m = 1, . . . , n, then we 
have 



/(w [)Wm ) = y (dt/t)^ 



The analytic continuation of I(W[,w m ) to the region \z\\ < . . . < \z n \ is given by 



I{W u w m ) = J F(t)(dt/tY 



where 

t 1 ™ = {(( 1+[m - v .. ) f [m )gc , » |t | = M, r-^o^r} 

since the integrand has no poles at the hyperplanes t a = p~ s ^ 1 zi , s G Z , for [ m_1 < a < l m , m > I , 
has no poles at the hyperplanes i a = p s £izi , s G Z , for [ m_1 < a ^ [ m , m < I , and has no poles at the 
hyperplanes t a — p s rjtb , s G Z , for a> b . 
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Let z tends to limit in the asymptotic zone, z =4 A, that is \z m /z m+ i\ — > for all m = 1, . . . ,n — 1 . 
Consider the case [ = m. Transform the hypergeometric integral as above and replace the 

integrand by its asymptotics as z =4 A . Since 



(7.11) */) = n tr II ^3 (v-i+i,. + o(i) 

as z ^ A and i e if x . . . x Tj," , we obtain that 

/w,^)^! n(n^ / < ) ) (*p- + i.-.*u)x 

x n (((w^)oo (puwtau -1 n i-yyT )) ( i + ' 

ber m 

as z =t A. Due to (2.7) the integrals over T^ 1 are the hypergeometric integrals I(W^™^ [Ki tTn ], 
up to simple factors. Hence, we finally obtain that 

w,^) = — ^— n ( n nWZ]KrnW^)+0(l)). 

il . . . . l n . m—1 

The hypergeometric integral I(Wi, w m ) for [ ^ m can be treated similarly to the hypergeometric integral 
I(Wt,W[) considered above. The final answer is 

I(W u w m ) = 0(1) for Km, 

I(Wi,w m ) = o(l) , otherwise, 

which completes the proof if 77 > 1 and |£ m | < 1 , m = 1, . . . ,n. 

For general £i,...,£ n and 77 the proof is similar. The analytic continuation of I(Wt,w m ) to the 
region |zi| <C . . . < \z n \ is given by 



/(W [)Wm ) - J F(t)d e t 



where T^ 1 is the respective deformation of T l ™ . On every contour Tj^ the quantities t a /z m remain 
bounded and separated from zero as z tends to limit, z =4 A, for all a such that I" 1-1 < a < [ m , and 
the rest of the proof remains the same as before. 

Theorem 6.6 is proved. □ 

(7.12) Theorem. Let the parameters £i,...,£ n obey condition (2.14). Then for any permutation 
t£S" the hypergeometric integral I(W[, w m ) has the following asymptotics as z tends to limit in the 
asymptotic zone, z =4 A r , so that at any moment assumption (2.15) holds: 

w,^)= tt^-m II II V ;Im er u (n /K: ) )KJ^( ( S)+°( 1 ))' 

Kl<m i <l<m m=l 

CT(<CT m <T!>CT m 

I(ffi> m ) = 0(1) for T [< T m, 

f(W ( T , w m ) = o(l), otherwise. 

Here a = t _1 , the functions w^™^ 'and W^™^ [«^ m ] are defined by formulae (7.10), T [ = (l Tl , . . . , l Tn ) 

and Ki >m = K n t 1, $ n v^r 1 - 

The proof is similar to the proof of Theorem 6.6. 
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Proof of Theorem 6.2. The statement follows from Theorem 7.12 and formula (5.13). □ 

Proof of Theorem 5.9. Since both sides of formula (5.9) are analytic functions of £i, . . . ,£„ and 77, it 
suffices to prove the formula under the assumption that > 1 and |£ m | < 1 , m = 1, . . . ,n. 

Denote by F(z) the determinant det [/(Wi, w m )] ( meZn and by G(z) the right hand side of formula 

(5.9). Let Y[ be an adjusting factor for the elliptic weight function W\ and ct![ iTO be the corresponding 
multipliers defined by formulae (2.32). 

Since for every [ 6 Z™ the section ^y x w, is a (V\ <g> . . . ® V n ) e -valued solution of the qKZ equation, 
F(z) solves the following system of difference equations: 

) = detK m (zi,...,z n ) n ot [m F(zi,...,z n ). 

(<) 

Here det K m (z) stands for the determinant of the operator K m (z) (3.12) acting in the weight subspace 
(Vi ® . . . <S> V n ) e ■ Using either formula (3.7) or Theorem A. 7 we see that 

detK m (z 1} ...,z n ) J] " [m = 

Z-l S( .-l f _l -s<- <- (n+t-s-1\ 

= TT / JT PZrn - V% t^fZl Zj 7] %£rnZm \ \ n-1 ) 

Therefore, the ratio F{z)/G{z) is a p-periodic function of each of the variables Z\, . . . , z n : 

F F 

— {Zl , . . . ,pz m , . . . , Z n ) — — (Zl , . . . , Z n ) . 

Theorem 6.6 implies that the ratio F(z)/G(z) tends to 1 as z tends to limit in the asymptotic zone, 
z =$ A . Hence, this ratio equals 1 identically, which completes the proof of the determinant formula. 

Let functions G{ , [ G Z ™ , be defined by formula (B.3). They form a basis in the elliptic hyper- 
geometric space of the fiber £ a (z) ■ Using Theorem B.8 we have that 



./n+e-l\ (n+t-l\ /n+l-l\ n , ,(n+i-l\ 
-UlirA n-1 )/,( n-1 )„"»( n+1 ) TT ,1"""^ " > 



m—1 



det[l(G u w m )] LmeZ? = E- 1 {2niP »-i > VS > r, n[ - n+i ) TJ 

- ■( ?7 -i)^(^+ i -^- i ne m )oo(^ s+1 - £ «n^) 



X 



(^- s - i )SoW^- i n(^- s e)oo 

(n+t-s-2\ 
\ n-1 ) 



s= \ i loo ^ >oo 

(n+i-s-2\ 



x TT _ 1 

KiirUn ^"^raZl/Zra)^ (pr)' s & £ m Z m / Zl) c 

where H is the constant given in Theorem B.8. Under the assumptions of Theorem 5.9 we have that 
det [/(£?[, to m )] j meZn 7^ which means that the hypergeometric pairing I : T Al {z) ® T{z) — > C is non- 
degenerate. Theorem 5.9 is proved. □ 

Proof of Theorem 5.10. Since both sides of formula (5.9) are analytic functions of £i, . . . , £ n an d V > it 
suffices to prove the formula under the assumption that > 1 and |£ m | < 1 , m = 1, . . . , n . 

Consider the determinant det [J(Wi, w m )\ t meZ „ as a function of k and denote it by Det(n;£). Set 

n 

e = (l — n~ 1 r] 1 ~ e Yl Cm) ■ We will show that 

m— 1 

i— 1 . , . . . {n+£-s-3\ 

(7.13) Det(n;i) = TT ( ^ ~ J^L ) >< 

ii v (i-»r'£2) (i-^+i) 

n 

x (Det( V - e Yl S; m ;£ - l)dct[l(W u w m )] lmezn + o(l)) 

m=1 li=mi=0 
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as e — * , that is k — > 77 1 £ J| £ m . This equality and the determinant formula (5.9) imply the 

m—l 

determinant formula (5.10). 

Let e(m) = (0, . . . , 1 , . . . , 0) , m = 1, . . . , n . Introduce a new basis w[ , I £ Z", of the trigonometric 

m-th 

hypergeometric space of a fiber by the rule: w[ — w l for [i = and 



w, 



= W { (1 - 7?' 1 ) (1 - Tl 1 - 1 ^) - «>I-e(l)+«(m) (1 - ^' m + 1 ) (&» - l' m C) II T^J 

for li > 0. We have that 

Det(K-J) = J] ((l-»?* +1 )(l-»7- 8 €i 2 ))" (n ^- S ^ det [l{W u w' m )] . 



The main property of the new basis follows from Lemma 5.7. Namely, we have that I(Wi,w m ) = 0(e) 
as £ — > , if cither li >0 or mi >0. Therefore, 



det[l(W u w'J] lmeZF = dct[l(W u w m )] lme2? det[l(W u w'J] lme2? + o(e^ 2 )) 



(n+l-2\ 

+ o(e 

[ 1= mi=0 li>0,mi>0 

If mi > , then by Lemmas 2.23 and A. 5 



w' m (t U . . . ,t t ) = e [^m-e(l)(*2,--.,^)] (1)0) -(l-s)Y^ D a [»m-c(l) (*2, • • • , *<?)] (i, o) 
a— 1 a— 1 

where (l,a) G S £ are transpositions. Then using Lemma 7.7 we see that I(Wt,w' m ) = eI(Wi,w'^_ e ^) 
where 

(7.14) 4i *<)=EN*» ne-EJLx. 

o=l 

n 

The next step is to calculate the hypergeometric integral I{Wii w m-t{i)) a * K = ? 7 1 ~ £ II £m ■ We 

m— 1 

will indicate explicitly the dependence of the elliptic weight functions on k . Namely, the elliptic weight 

n 

function Wi[k] is an element of the elliptic hypergeometric space of a fiber Ji u [n, ^m]( z ) ■ 

m—l 

If h > , then 

W l [ V 1 -'f[U](h,-;U)= S E [^-e(l)[^flU(i2,...,^)L. 
m=l "VI ) m=l 

and due to formula (2.7) we have that 
IWtf-'flUWm) = I m,---,te)w'^(t u ...,te)W [ _ t{1) [r 1 - i fl^ m }(t 2 ,...,te) (dt/tf 

m=l "Vl ) J m=l 

because the torus is invariant under permutations of the variables ti,...,tg. Substitute formula 
(7.14) into the above integral. Similar to the proof of the second claim of Lemma 5.7 we obtain that 

/n 
$(ti, ...,*/) K-e(i) (*2, • • ■ , */)] (1 o) W t _ t[1) [r)- e II U](t2, -..,*/) (dt/t)' = 
m=l 

= 2iri5 la I(Wt- e ( lh w m _ c (i)) • 

Hence, 

Wll'-'n^W-.fl)) - 27ri^^/(W [ _e(l)[r?- / Il £m],U>m-«(l)) 
m=l "I'/ J m=l 
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and finally 

as e — > . Formula (7.13) is proved. 

The rest of the proof is similar to the end of the proof of Theorem 5.9. Consider the space 

%2, ■ ■ ■ , z n ; £2, ■ • ■ 7 £,n]P-]{z) ■ It has a basis given by functions Gi(t) , I £ -Z™ -1 , defined similarly 
to formula (B.3). Set 

<*<> -aw A i^y ■ <**r>. 

The functions such that li = , [ € Z™, are linear combinations of the functions , m G Z™ _1 . 

Formula 5.10 and Theorem B.8 imply that 

n+£-2\ 

X 



.(n+i-2\ (n+t-2\ (n+i-2\ « , s ("+*-2\ 

det[/(G> (0 , m) )] lm ^ rl = ^(2^£ 1 )" ( »" a } d »" a V" ( » } II 2 ™ " _1 

m=2 

x tt r (?? -i)»-i(^-^ne)oo(^er 2 )oo A ^cWf^joc x 
a A i L (""'" 1 )~ 1 (p)~" 3 n (^e)oo ii 2 (rtc m ^i/^)oo 

Km^n 



n 



m)oo mZmj ' Zl) c 



\ n-2 ) 



where K 



, nl / e 2nim/(n-l) i n-m-1 (n+t-2\ 

Woo 11 V 0(e 2,rim /(n- 1 )') J 



0( e 27rim/(n-l)) 

Under the assumptions of Theorem 5.10 we have that det [/((?{, ^(o,m))] t me2 n-i ^ which means 
that the hypergeometric pairing / : Jiu{z)/Q{z) ®J 7 (z)/TZ(z) — > C is nondegenerate. Theorem 5.10 is 
proved. □ 

Proof of Theorem 5.11. The proof is similar to the proof of Theorem 5.10. □ 
Proof of Theorem 5.26. Under assumptions of the theorem, for any k in the puctured neighbourhood 

n 

of i] 1 ^ 1 Y\ V Am the assumptions of Theorem 5.25 are valid. Therefore, the hypergeometric map I T , T >(z) 

m—l 

is well defined and nondegenerate for any such k . 
Introduce a matrix X by the rule: 

I TiT ,(z)v [1t i ] ®...®v [l < ] = X lm F m ^v T1 ® ...®F m ^v Tn , Ie2 ( ". 

n 

We have to show that the matrix X has a finite limit as k — > Yl V Am an d limdet 1^0. 

m—l 

Consider the hypergeometric integral I(W[ , wjj . It is a holomorphic function of k since the corre- 
sponding integrand is a holomorphic function of k and the integration is over a compact contour. Hence, 

Lemmas 5.7 and 2.38 imply that (k — r] 1 ^ 1 Y[ ?7 Am ) I(Wf , w^) has a finite limit as n — > J| ry Am 

m—l m—l 

if [1 > . Therefore, the entries X[ m with [1 > have finite limits and the entries [ m with li = 

n n 

are regular at k = r/ 1 ^ 1 Yl V Am ■ That is the matrix X has a finite limit as n — > r; 1_£ J| 7/ Am . 

m—l m—l 

The explicit formula for the determinant det X for general k can be easily obtained using Theo- 
rems 5.9, A. 7, B.8, formula (4.9) and the definition of the hypergeometric map I TtT i(z) . It follows from 
the obtained expression that under the assumptions of Theorem 5.26 the limit of the determinant det X 

n 

as k — > i] 1 ^ 1 Y[ V Am is n °t equal to zero. The theorem is proved. □ 

m—l 

Proof of Theorem 5.28. The proof is similar to the proof of Theorem 5.26. □ 
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Proof of Theorem 5.31. Without loss of generality we can assume that the adjusting map Y T (z) ana- 
lytically depends on k . Hence, the same do the section ^ Y T ' ■ The qKZ operators analytically depend 
on k as well. 

For general k the section solves the qKZ equation with values in (V Tl . . . ® V Tn ) e due 

n n 

to Corollary 5.19. For special values of k: k = rr 1 ^ 1 \\ V Am an d K = V 1 "^ 1 II V Am , the qKZ 

m—l m— 1 

equation remains valid by the analytic continuation. 

Theorems 5.25, 5.26 and 5.28 imply that under the assumptions of each of Theorems 5.9-5.11 the 
sections * T , , , v E (V5 <S> ■ ■ ■ <8> V5 ). , span the space of solutions of the qKZ equation over the field 

V , i 1 n * 

of p-periodic functions (quasiconstants). Theorem 5.31 is proved. □ 

Appendix A. Basic facts about the trigonometric hypergeometric space 

Let T = T\z\, . . . , z n ; £i, . . . , £ n ;l ] be the trigonometric hypergeometric space. 

By construction, the trigonometric hypergeometric space of a fiber has the same dimension as the 
space of symmetric polynomials in I variables of degree less than n in each of the variables, that is 



dim T{z) 



n + e-i 

n-l 



(A.l) Lemma. For any I <E Z™ the trigonometric weight function wi is in the trigonometric hyper- 
geometric space T . 

Proof. It is clear from definiton (2.20) that the function w\{t,z) has the form 

t n e 1 1 

Q(t 1 ,...,t e ,z 1 ,...,z n ) n t« n n t _ £ z n ^r—r 

a=1 m =l o=l a Cm m l<a<K( 711(1 lb 

where Q is a polynomial which has degree less than n + I — 1 in each of the variables t\ , . . . , tg . 
Furthermore, by construction the function wi as a function of t\,...,ti is invariant with respect to the 
action (2.9) of the symmetric group S , which means that the polynomial Q is skewsymmetric with 
respect to the variables t\,...,tt. Hence, the polynomial Q is divisible by | J (t a — and the ratio 

is a polynomial which is symmetric in variables t\,...,tt and has degree less than n in each of the 
variables t\,...,ti; that is the function w\ is in the trigonometric hypergeometric space. □ 

(A.2) Corollary. Let n = l. Then 

p 

t a -h 



w w (t 1 ,...,u,z 1 ) = n _ a n 



„-1 *a-£l2l ,^ h^.^a-h 
a=l l^.a<b^.£ 



Proof. Denote by f{t,z\) the ratio w^{t,z\) \^\\_ 7 \\ — — ■ Since for n= 1 the 

trigonometric hypergeometric space of a fiber is onc-dimcnsional, f(t,z\) does not depend on t. Let 
t* = (ti, »7 -1 ii, • • • , T) 1 ti) . Only the term corresponding to the identity permutation in the right hand 
side of (2.20) contributes to w(t*, Z\) and by a straightforward calculation we get f(t*, zi) = 1 . □ 

(A. 3) Lemma. Let n = 1 . Then 

(1 - rf) (ry 1 -^! - er 1 ) w W (*i, • • • , te,Z!) = 

-a -»g K|^n^ -!)-<«,(«. «]«,,„, 

= a - v) E f ( 6 l ) *i^-Dfe. • • • >*<)1 , , ■ 

^LV ti-^i ^h-V 1 h > Hi, a) 

Here (l,a) G are transpositions. 
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Proof. Similar to the proof of Lemma A.l one can show that the right hand sides of the both above 
formulae are elements of the trigonometric hypergeometric space. The rest of the proof is similar to the 
proof of Corollary A. 2. □ 

(A. 4) Lemma. Let n = 1 . Then 



w w (ti,...,u,zi) = ^2 [ n 



Here t = . 

Proof. The right hand side of the above formula is an element of the trigonometric hypergeometric space. 
Comparing residues of both sides at t = (£iZi, . . . , T] £,iZi) completes the proof. □ 

Proof of Lemma 2.21. Let S' 1 x . . . x S [ ™ C S be the subgroup of permutations preserving the subsets 
r m = {1 + l m_1 , . . . , I" 1 } , m = l,...,n. The coset space S £ /(S' 1 x . . . x S 1 ") is in one-to-one corre- 
spondence with the set of all n-tuplcs . . . , F n of disjoint subsets of {1, . . . , £} such that L m has l m 
elements. Namely, a permutation a S S l corresponds to an n-tuplc er(ri), . . . , cr(r„) , and the n-tuple 
depends only on the coset of the permutation a . 

Perform the summation in the right hand side of formulae (2.20) in two steps. First take a sum over 
the subgroup S' 1 x . . . x S n . This can be done explicitly using Corollary A. 2. The remaining sum over 
the coset space S e /(S h x . . . x S [ ") is equivalent to the right hand side of formula (2.21). The lemma 
is proved. □ 

(A. 5) Lemma. For any I G the following relations hold: 

n 

m=l l<J<m 



( i-,)j:[(n M^rii"-^ -o-c « 

a=l m=l ^ m tl Zm b=2 V 1 6 



(l,a) 



E w <+eM( i -V m+1 )(6n-V m c i 1 )^ n v li i 

to=1 Ki<m 

- a - * e [( n ^ n «(«». ■ ■ 

a=l m=l ' fc=2 

where (l,a) G are transpositions. 

The proof is similar to the proof of Lemma 2.21 using Lemma A. 3 instead of Corollary A. 2. 
For any ( £ Z™ denote by Q[(ti, . . . , tg) the following symmetric polynomial: 

1 " 

(A.6) Q^.-.M) = rr-^ e n nc 

cres* m=i aer m 

where T m = {1 + f™ -1 , . . . , I" 1 } , m = 1, . . . , n . Consider a basis in the space T{z) given by functions 
g l (t,z) = Q [ (t 1 ,...,t e )l\t a f[ n \ 7 II ^TZT' 

»=1 m =l o=l a ^ m m l<a<&S^ 77 a 6 

Define a matrix M(z) by the rule: 

wt{t,z) = M [m (z)g m {t,z), leZ£. 
mez™ 

(A. 7) Theorem. e ~ 1 (n+e-s-2\ 

detM = n n (^z ; -e^m^) 1 
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The theorem is equivalent to Lemma 2.2 in [T] . Nevertheless, we give below another proof of Theorem A. 7 
which is similar to the proof of Theorem B.8 in the elliptic case. 

(A. 8) Corollary. Let 1Z(z), TZ'(z) be the coboundary subspaces. Then 

dimT(z)/TZ{z) = dim F(z)/1l'(z) = ^Jj^ 
provided that S, m z m / z t ^ rf , 1 < I < m < n , for any r = 0, . . . , I — 1 . 

Proof. Under assumptions of the corollary, both spaces J r (z)/TZ(z) and J 7 (z)/TZ'(z) have bases induced 
by the set {wi(t, z) \ I G Z?, l n = 0} . □ 

Proof of Theorem A. 7. For any [ G Z™ define a symmetric polynomial P[(t\, . . . , tg) by the rule: 

l n 1 i + _ f 

(a.9) wi(t,z) = pt{ tl ,..., tt ) n*. n n n t-tz- n ^-t • 

l^(<m^n m=l a=l l^a<0^£ 

Introduce new variables x\, . . . , x n , yi,. ■ ■ ,y n - 

Xm £m 5 27m £, m ; ^ 1 , . . . , 71 . 

Then the polynomial Pi(t) has the form: 

..,«<)= e { n (*--*') n (*•-»«) n t^t) 

ri,...,r n ^ l<m<;<n l<i<m<n l^Km^n h ^ 

where the summation is over all n-tuples Ti, . . . ,T n of disjoint subsets of {1, . . . ,£} such that P m has 
t TO elements. 

Define a matrix TV by the rule: 



Then the claim of the theorem takes the form 

fn+l-s-2\ 

(A.10) det/V=J] [] fa'tfi ~ *»»r j - 

m m 

For [,t eZ° say that [ <g; m if k ^ S m i f° r am7 m = 1, . . . , n — 1 . Say that [ <C m if I ^ m 
and [<m. 1=1 i=1 

For any x,y £ C™ and [ G set 

(A.ll) x>l = (r? 1 " 11 ^!, n 2 - h xi, . . . ,x lt f] 1 ~ h x 2 , . . . ,x 2 , ■■■ , t? 1-1 ™^, • ■ • . x n ) , 

y<a [ = (r] h ~ 1 y 1 , V h ~ 2 yi, ■ ■ ■ ,Vi, V h ~ 1 V2, •• -,2/2, • • • , »/ n_1 2/n, •• -,2/n) -9 
(A. 12) Lemma. P[(x >m) = unless l<Z^m. P[(y<m) = unless [»m. Moreover, 

n [ m -l 



ptor>Q = n n( n (^»-%) n (^~ s *™-^)) 

m=l s=0 l^i<m m<l^n 
n [ m -l 

^[(2/<o = n n( n wv™-*i x %) n -^o)- 



m=l s=0 l^Z<m m<l^.n 

The proof is straightforward. 
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Set D(n,l,s) = ^ 
(A. 13) Lemma. 



2r<<-|s|-l 



n + £- \s\ -2r-3 
n- 2 



det[p [ ( a; >m)] [;me ^= n n - 1 j n n ^^-^) (n,,s) , 



dct[P t (y< m )] lmeZ? = „»<»-W n + i ) JJ JJ ( V% - Xm ) 

s=0 l^.l<m^.n 



\ n-1 ) 



X ff II (V S ym-yf {nAS \ 



Proof. Lemma A. 12 implies that 



det[P[(x>m)] = ]~[ P[(x>[) and det[P(y < m)] = JJ p i(v<l)- 

The rest of the proof consists of several applications of identity (G.l). □ 
Consider two more determinants, det[Q[(x >itv)] ( meZ „ and det [Qi(y< m)] ( meZ n ■ Since 

det[P[(x>m)] = detiV • det[Q[(x i>m)] and det [Pi(y < m)] = det TV • det[Q[(y<im)] , 

det[P[(x >m)l detto[(x>m)l 

we have ? — -f = ? — ; -f , 

det|P[(y<m)J det[Qi(y<m)\ 

and by standard arguments of the separation of variables we obtain that 



(A.14) det[Q t (a : >m)] [imeZ „=Cr^ (1 - n)/2 -( n n+i) JJ JJ W x m - Xl ) W 

s—l — £ 1-^.1 <m^.n 

det^^m)]^ = C^-^H n+ i ) JJ JJ tf^-yf^' 



8=1—1 l<l<m<n 



where C is a nonzero constant, which does not depend on xi, . . . ,x n , yi, ■ ■ ■ ,y n ■ Formulae (A. 13), 
(A.14) imply formula (A. 10) up to a factor: 



(A.15) detN^C-'H JJ {rf yi -x m y n-i ) 

s=0 l^Km^n 



To calculate the constant C we consider its dependence on 77 . The left hand side of formula (A.15) 

fn + £ — 1\ 

is a polynomial in 77 of degree n(n — l)/2 • I ^ _^ j, the same as the double product in the right 

hand side. Thus, C is a rational function in 77 with no pole at infinity. Moreover, since C does not 
depend on xi, . . . , x„ , yi, . . . , y n , it has no zeros as a function of 77 . Hence, C does not depend on 77 
at all. 

Let 77 = 1 , x m — x\ , y m — , m = 1, . . . , n , and consider the limit x\ — > 00 . In this limit 

n 

V (n—m) i m 

P(t) = (-xO-- (Qi(*) + o(l)). 

Therefore, C = 1 . The theorem is proved. □ 
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Appendix B. Basic facts about the elliptic hypergeometric space 

Let oj = exp(27ri/n) all over the section. Fix a complex number a such that a n =p. Let 9(u) = 
{u,p) OD {p/u 1 p) 00 {j),p) 00 be the Jacobi theta-function. 

n 

Let A = k Y[ z m ■ Fix a complex number £ such that £" = (— l) n ~ 1 A~ 1 . Let £[A] be the space of 

m—l 

holomorphic functions on C x such that f(pu) = A{—u)~ n f{u) . It is easy to see that dim£ [A] = n, 
say by Fourier series. Set 

n 

0j(u) = m^ 1 Yl 0{C,a l - l uj m u) , l = l,...,n. 

m— 1 

(B.l) Lemma. The functions #1, . . . , i?„ form a basis in the space £[A] . 

Proof. Clearly, i9; G 5 [A] for any Z = 1, . . . , n. Moreover, di(tuu) = u/ _1 i?/(u) , that is the functions 
...,$„ are eigenfunctions of the translation operator with distinct eigenvalues. Hence, they are linearly 
independent. □ 

Let £e[A] be the space of symmetric functions in variables ti,...,te which are holomorphic on C x£ 
and have the property 

f(t u ...,pt a ,...,t e ) = A(-t a )- n f(t u ...,t e ). 

(n + 1 — 1\ 

In particular, £\[A] = £[A] . The space £i[A] has dimension ( ^ J . A basis in the space £A\A] 

is given by functions ©i{t\, . . . , ti) , I G Z™ : 

1 ™ 

(b.2) e t (ti,. ..,*<) - n — n £ II II ^ (*'.)■ 

1 aeS e m=l aer m 

Here T m = {1 + I™- 1 , . . . , ["*} , m = 1, . . . ,n. 

Let T cll = £u[k; z\, . . . , z n ; £i, . . . , £„; £] be the elliptic hypergeometric space. The elliptic hyper- 
geometric space T dl {z) of a fiber is isomorphic to the space £e[A] by definition. Therefore 



dim^j(z) 

Set 



n + t-1 
n-l 



9(t a /t b ) 



n t 

(b.3) Gl (t, Z ) = ( (t u ..., ti ) n n e(r ' t t z ] n e( „ t , tb) ■ 

The functions G\ , [ G Z™ form a basis in ^(2;) . 

(B.4) Lemma. For any [ G Z™ and z G C x ™ the elliptic weight function W{(t, z) is in the elliptic 
hypergeometric space Ji u (z) of the hber. 

Proof. It is clear from definiton (2.30) that the function W{(t, z) has the form 

n t 1 1 

Q(t u ...,t i ,z 1 ,...,z n ) n n 9(t *-i /z s n ^ /th) 

where Q is a holomorphic function on C x ^ + ™' with the properties 

e n 

Q{t 1 ,...,pt a ,...,t t ,z 1 ,...,z n ) = {-t a )~ e ~ n J] t h -p 1 ~ a n J] 2 m Q(ti,...,t t ,zi,...,z n ), 

6=1 m=l 

a = 1, . . . , £ . Furthermore, by construction the function W\ as a function of t\, . . . , tg is invariant with 
respect to the action (2.29) of the symmetric group S^, which means that the holomorphic function Q 
is skewsymmetric with respect to the variables t\, . . . ,te . Hence, the ratio of the function Q and 
the product j j 6(t a /tb) is a holomorphic function on <C x ( l + n ) which is symmetric in the variables 
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ti, . . . , it and has the properties 

n 

G(ti, . . . ,pt a , ...,tt,zi,...,z n ) = {-t a )~ n k H z m 0(ti, ...,tt,zi,...,z n ), 

m—l 

a = 1, . . . ,£ ; that is the function W\ is in the elliptic hypergeometric space of the fiber. □ 
(B.5) Corollary. Let n = 1 . Then 

The proof is similar to the proof of Corollary A. 2. 
(B.6) Lemma. Let n = 1 . Then 

Here t = ^ 1 £ t \Z\ . 

The proof is similar to the proof of Lemma A. 4. 

Proof of Lemma 2.31. The proof is similar to the proof of Lemma 2.21. The summation over the 
subgroup S' 1 x . . . x S 1 " C S { can be done explicitly using Corollary B.5. □ 

Let W\ , I G Z™ , be the elliptic weight functions. Define a matrix M° u by the rule: 
(B.7) Wfa z) = ]T MZ(z)G m (t, z), I € Z? . 

„ „ . \ /to — 1 + A /n — to— 1 + A 

Set d(n,m,£,s) = V / . 

^— ' V m — l / V n — to — 1 / 

i—j=8 

(B.8) Theorem. 

^-1 ra-1 

detM eH (z) = e n ji o^k- 1 n er 1 n e 



d(n,m,£,s) 



s=l-l m=l 

xn(cW m - n)( - } n n %vcv* m ) ( »-i ) 

m—l s— 1^0<m^n 

where , , . , , 



Woo 11 

m—l 



0(t a /t b ) 



Proof. For any I £ Z™ define a function Ji(t\, . . . , ti) by the rule: 

n £ 

(b.9) W[(t,z) = j^.-.m) n n e(r ' t Tz ] n ^ /tb) . 

m=lo=l W z m) l sS a<h^ W a/ tJ 

so that J[(f, z) = M [ ^(x)0 m (i, z) , I € Z? . Introduce new variables A , xi, . . . , x n , yi 

J/n : 

71 1 
^4 ^ I~I Z m , X m = ^rn^m ; 2/m £ m ? ^ 1, . . . , 77- , 

m—l 

and for any x, y G C n , [ £ i£™ , define x > t, y < t by formulae (A. 11). 
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) • • • j 



(B.10) Lemma. Ji(x >m) = unless (<m. J t (y <m) ~ unless [»m. Moreover, 



n [ m -i 



m*»o = n n (o^A- 1 n ^ n t i, zo n %~ s wy*) n % [i ~ s w*o) 

m=l s=0 l<J<m m<l(n l^<m rrXl^n 



n [ m -l 



l^;<m^n m=l s=0 m<isCn 



X 



The proof is straightforward. 

The rest of the proof is similar to the proof of Theorem A. 7. Using Lemma B.10 we calculate the 
determinants det[j[(x>m)] , det[j[(y<m)] , cf. Lemma A. 13. Then by the separation of variables we 
obtain the following formulae 

(B.ll) det[6M3>m)] [iroe 3 ? =tf.^^ " 



m— 1 

£-1 



x n hv-'a- 1 n n n % s ^) dkm , 

det[e,(»<m)] = Kr,^ 1 ^ n+i ) J] ^""^ » } x 



m— 1 



£-1 



x n o(v s a-' n } n n ^W 9 *" 



s=0 m - 1 s=l-£ l<!<ro<ra 



as well as the required formula for detM d '(z) with the constant 5 replaced by K 1 . Here functions 
<9[ are given by formula (B.2), K is a nonzero constant which does not depend on x\,...,x n , y\,..., 
Vn and 



nf o \ ST fn + £-\s\-2r-3\ 



2r<<-|s|-l 

To calculate the constant if we consider its dependence on 77. Any of formulae (B.ll) shows that 
if is a holomorphic function in r\ on C x and K(pn) = K(rj) . Hence, K does not depend on r\ at all. 
Let uj — exp(27ri/n) . Take r\ = 1 , x m = y m — oj m ~ 1 xi , m = 1, . . . , n . In this case we have 

n 

[ (a;>m) = Q l (x>m) J] (^- m 1 ? m (a; 1 ))' m 

m— 1 

for any [, m 6 Z" , where the function Q\ is defined by (A. 6). Hence, comparing formulae (A. 14) and 
(B.ll) we find that K = In calculations we use Lemma B.12 and the equality 



/ 



n 



following from (G.l). The theorem is proved. □ 

n n 2 
(B.12) Lemma. Let a n = p . Then ][ JJ 0(a ,_1 w m u) = (p)^ 0(u n ) . 

1 = 1 m=l 

The proof is straightforward using the definition 6{u) — (u) 00 (p/u) 00 (p) 00 . 
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Proof of Lemma 2.38. We will indicate explicitly the dependence of the elliptic weight functions on k. 
Namely, the elliptic weight function W\ [k] is an element of the elliptic hypergeometric space of a fiber 

n 



m—l 

A-i 



Under the assumptions of the lemma, the functions W^?? 1 EI Cm] 5 t £ 2>t , form a basis of the 

m—l 

n n 

space Jiu{z) = Ji u [r] 1 ~ i \\ £,m]£]{z) and the functions Wi[r}~ £ J\ Cm] , I € ^t-i > form a basis of the 

m—l 

n 

space Ji ll \rf i J] £ m ;£-l](z). Since 

m—l 

w^-'nuKh,...,*) = [^-e ( i)[»?-'n^](t2,...,t/)L, 

m=l 12- • • • 'n- t7v/ J , m=l 

fft3 

n 

for any 1 £ Z™ such that ti > , the functions W[[?7 1_< f] £ m ] , li>0, leZ", form a basis of the 

m—l 

n 

boundary subspace Q(z) C ^ H (z) , and the equivalence classes of the functions W([?7 1_< f\ €m] 7 ti = , 

m—l 

I £ Z™ , form a basis of the quotient space T dl {z)jQ{z) . 

Recall that the space Ji u [a;l]{z) is naturally isomorphic to the space £i[A] of symmetric functions 
in variables t\, . . . ,ti which are holomorphic on C xl and have the property 

f(t 1 ,...,pt a ,...,t l ) = A(-t a )- n f(h,...,ti), 

n 

where A = a f\ z m ■ Using this isomorphism we observe that the rank of the map 



£u[v e f[ ^ m ;z 1 ,...,z n ;^ 1 ,...,^ n ;i-l](z) -> ^[rj 1 e f[ £ m ; Zi, . . . , z n ; £1, . . . , £„; l]{z) , 

m—l m—l 

w{t u ...,t e -i) -» ]T [w(t 2) ..., 

does not depend on £1, . . . , £ n • Therefore, 

dimQ(z) = f and dim^ (! (z)/Q(z) = f 

provided that if ^ p s for any r = 2, . . . , t , s£Z. Lemma 2.38 is proved. □ 
Proof of Lemma 2.39. The proof is similar to the proof of Lemma 2.38. □ 

Proof of Lemma 2.36. Let f(t) = ^ [W(i2> • • • be an element of the boundary subspace Q(z) . 

<?es e 

One can see that the term of the sum corresponding to a permutation a does not contribute to 
Res f(t)\ unless 

u m fc +1 > . . . > a m k+i > 1 , k = 0, . . . , n — 1 . 

i 

Here m ! = m j ■ Since no permutation satisfies above conditions, the first claim of the lemma is 
proved. 

Consider the determinant det [Res G<(t) I 1. where functions G[ are given by (B. 3). Under 

assumptions of the lemma the first of formulae (B.ll) implies that the determinant as a function of k 

f n + I — 2\ n 
is not zero for generic k and it has a zero of multiplicity I I at k — r] 1 " 1 ]J £m ■ Hence, for 



n-1 



m—l 



K = V 1 £ II Cm we have 



m—l 



(71 4- / — 2\ 
n-l J 
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Let k = 77 1 1 n £ m . We have proved already that 

rri—\ 

Q{z) C {/€£,(*) I Res/(i)| t=x>m =0, «2,»}. 
(n + I — 2\ 

Since dim Q(z) = ( _^ J by Lemma 2.38, the second claim of Lemma 2.36 is proved. □ 

Proof of Lemma 2.37. The proof is similar to the proof of Lemma 2.36. □ 

Appendix C. The Shapovalov pairings of the hypergeometric spaces of fibers 

In this section we define pairings of the hypergeometric spaces of fibers which provides a geometric 
interpretation for the coefficients cj , cf. (4.9), used in the definition of the tensor coordinates on the 
elliptic hypergeometric space of a fiber, see formula (C.5). 

In this section we always suppose that assumptions (2.13) - (2.15) hold. Set 

(C.l) i\ u (t u ...,U) - 11 *„ 11 11 m I 1 \ 11 „ e(n -i t TT) ■ 

Let x > [ and y< I, I £ Z™, be the points defined by (2.35). Recall that we define the multiple residue 
Res f{t)\ t _ t , by formula (2.34). 

Consider the elliptic hypergeometric spaces of a fiber T dl {z) — £ u [k;£](z) and Ji u {z) = £](z) . 

For any functions W £ Ji a {z) and W £ T eU {z) set 

(c.2) s eU (w,w) = Ke S (n eU (t)w(t)w(t))\ t=x>m . 

mezp 

(C.3) Lemma. For any functions W £ Ji u (z) and W £ T eU {z) we have that 
S eU (W,W) = {-If Y, Kes(Sl eU (t)W(t)W(t))\ 



meZ" 



I t=y<m 



The statement follows from Lemma C.ll. 

The pairing S^u : J^ lt (z) ® Jiu(z) — > C is called the Shapovalov pairing of the elliptic hypergeometric 
spaces of a fiber. 

We will indicate explicitly the dependence of the elliptic weight functions on n . Namely, the elliptic 
weight function is an element of the elliptic hypergeometric space of a fiber J[ u [k; £](z) . 

(C.4) Theorem. Let u> £ S™ be the permutation of the maximal length. Let (2.13) - (2.15) hold. 
Then for any permutation t £ S™ and any I, m £ Z™ we have that 

s eB (w7[K]>WT[K~ 1 ]) = SlmW- 

Here <5 [m is the Kronecker symbol and Nf — N T[ (^ Tl , . . . , £ T „) where r l— (i Tl , . . . , l Tn ) and 



n 1„ 



; ,_)^(^ s )% i - s e) 



1 < / < m m^/<n l<Z<7n m < / < n 
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m m 



Proof. For [, m £ Z" say that [Cm if J2 U ^ J2 m * f° r an y m = 1> . . . ,n — 1. Formulae (2.31) 

i=l i=l 

and (2.40) for the elliptic weight functions imply that 



R«(a«(i)W7M(W[»- 1 ](i))| t= ^ 1 = o, 



7"TU; I" — — 1 

=j/<n 

unless I <C n <C m , and 

Therefore, by formula (C.2) we have that S eU (W[[k] , W™^ 1 ]) = 0, unless I < m and 

S d ,(W7[/s],W7 w [K- 1 ]) = N[. 

Similarly, by formula (C.3) we have that S cU (\V t T [re] , = 0, unless I > m. The theorem is 

proved. □ 

Remark. The coefficients c ( (£i, . . . , £ n ) defined by formula (4.9) are inverse to the coefficients iV[(£i, 
. . . , £„) defined in Theorem C.4 up to a common factor. Namely, 

(c - 5) C[(6 ' ■ ■ ■ - 60 = (p^^fi,...,^) • 

The Shapovalov pairing of the trigonometric hypergeometric spaces of a fiber is defined similarly to 
the Shapovalov pairing of the elliptic hypergeometric spaces of a fiber. Assumptions (2.13) - (2.15) can 
be replaced by weaker assumptions 



i 2 m ^V r , m=l,...,n, r = !-£,... J-l, 



(C.6) r/Vl, r=l,...,„. 

^mV z m^ r . Z,m = l,...,n, Z^m, r = l-^,...,f-l. 

Let 

(c.7) n(*i.-".**) = nc a nn7T%r n 

For any functions w, w in the trigonometric hypergeometric space of a fiber T{z) set 

s(w,w) = M fi (*M*)™(*))| t=it>m - 

(C.8) Lemma. For any functions w,w £ J~{z) we have that 



S(w,w) = (-l) e Res(ft(t)ti;(t)tD(t)) 
mezy 



t=y<m 



Proof. Due to Lemma 2.22 it suffices to prove the statement if both functions w,w are trigonometric 
weight functions. Moreover, since S(wi, w m ) depends analytically on parameters rj, £i, . . . , , z\, . . . , 
z n , it is enough to prove the lemma under the assumptions: \r/\ > 1 and \z m \ = 1 , |£ m | < 1 , m = 1, 
...,n. 

Consider the integral J Q(t)w(t)w(t) d l t where T e = {t £ C e \h\ = 1 , . . . , \t e \ = 1} . Similarly 
to Theorems F.l and F.2 one can show that under the above assumptions 



J n(t)w(t)w(t) d e t = {2m) 1 1\ Res (n(t)w(t)w(t))\ t= 

J il(t)w(t)w(t) d e t = (-2m) 1 e\ n**(p(t)w(t)w(t)) 



and 



t=y<m 



The lemma is proved. □ 
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(C.9) Theorem. Let wcS" be the permutation of the maximal length. Let assumptions (C.6) hold. 
Then for any permutation r £ S™ and any [, m £ we have that 



sk,o = «im n n -71 — jttJ — ^tt 

iii r=i Zm ^ ~ 17 ) ^™ ~ 77 ) 



where <5[ m is the Kronecker symbol. 

The proof is similar to the proof of Theorem C.4. 

The pairing S : T{z) <g> T{z) — > C is called the Shapovalov pairing of the trigonometric hypergeometric 
spaces of a fiber. 

The trigonometric Shapovalov pairing S can be considered as a degeneration either of the elliptic 
Shapovalov pairing S eU or the hypergeometric pairing I : £ u (z) ®T{z) — ► C. Namely, let p — > and 
after that k — > oo . Then in this limit we have that 

( u )oo^!-u, 6(u)->l-u, (p^-^l, 

the elliptic weight functions tend to the respective trigonometric weight functions: 

£ n 

iww-^H-i^n^n* n ^^mw^-w n 

a_1 m=l l^i<m^n l^i<m^n 

the function Q ell defined in (C.l) and the short phase function $ defined in (5.2) turn into the function 
tt given by (C.7): 



n eu ( t ) - m f\t a f[ a- , m - n *2 n ^ ■ 



a=1 m=l a=1 m=l 



and both the elliptic Shapovalov pairing and the hypergeometric pairing become the trigonometric 
Shapovalov pairing: 

n 

K-* s^w^w^k- 1 ]) - s( W[ , Wm )(-i^ n z t n C'" 1 ', 

m— 1 l^/<m^n 



i(w^],w m ) ^ s(w h w m )(~iY V e ^/ 2 Hzt n ^' 

m=l l<Z<m<ra 



In the rest of the section we formulate and prove Lemma C.ll which implies Lemma C.3. 
Let u\,...,Uk be nonzero complex numbers. Consider a function F[t\, . . . ,tz) which is quasiperiodic 
with respect to each of the variables ti,...,te'- 

F{t x , . . . ,pt a , ...,t t ) = P^Fih, ...,t e ), 

and which has the form 

"- ^nn^nn^ 

where f(ti, . . . ,t e ) is a symmetric holomorphic function on C x£ . We call the points ui,...,u k the 

"root" singularities of the function F . 

k 

For any I £ Z> , = (■ , introduce the points u > I, u<l E C x£ by the rule: 

j=i 

u>l = (77 1_[l wi, r] 2 ~ ll ui, ...,ui, 7] 1 ^ h u 2 , ...,U2, ■■■ , ir~ lk Uk, ...,u k ), 
u<l = (j/ 1-1 "!, »/ 1_2 tii, ...,u u r t l2 - 1 u 2 , ...,u 2 , ■■■ , r/ fe_1 «fc ; ■■ -,u k ), 



58 



cf. (2.35). For any i = l,...,k let 

Zt = {lez% | l l+1 = ... = l k = 0, £lj=£} 

and 

z- = {iez* 1 [ 1 = ... = i i = o, E [j = 

In particular, = Z fe = and Z t + = 2 = { I e E = ^} ■ 

(C.ll) Lemma. For any i = 1, . . . , k we have that 

V ResFMI = (-lY V RcsF(i)| 

provided that the singularity hyperplanes 

t<i = u j 7 a = 1 , j ' = 1 , . . . , k , 

t a = r)t b , a,b=l,...,£, a^b, 

have no multiple intersections at the points u > m , m G Zj~ , and at the points u < m , m e Z[ . 

Proof. We prove the lemma by induction with respect to i . For £ = 1 the statement is standard, which 
provides the base of induction. 

Let i > 1 . To avoid complicated notations we first give the idea of the proof in the general case and 
then explain technical details for the example I = 3 , k = 3 , i = 1 . 

The function F considered as a function of t 2 , - ■ ■ , tg for a fixed t\ has a form similar to (C.10) with 
the "root" singularities at the points nt\, n~ 1 ti, u\,. . . ,Uk- Using the induction assumption we apply 
the lemma in this case taking in the left hand side of the formula the sum of residues corresponding to 
the "root" singularities u\,...,Ui, r\~ x t\ and taking in the right hand side of the formula the sum of 
residues corresponding to the "root" singularities Ui+i, . . . , Uk, r]ti . To complete the proof we apply the 
lemma to the function of t\ given by the sum of residues in the left hand side of the formula obtained 
at the previous step. 

Consider the example £ = 3, k = 3 , i = 1 . At the first step we get 
ResfResFmi )| , + Res ( Res F(t)\ )\ , + Res ( Res F(t)\ , )\ , = 

V W |i 3 =lV 1*2=7) til V W |t 3 =lV 1*2=7) *1 V 1*3=7? t 1 nt 2 =n 2 ti 

= Res ( Res F(i) I )| + Res( Res )| + Res ( Res F(t)\ )\ + 

v 1*3=1*2 1*2=7)712 l*3=M3' l*2=7)7i 3 l*3=«3 1*2=7*2 

+ Res ( Res F(t) I ) I + Res ( Res F(t) I ) I + Res ( Res F(t) I ) I 

V K '\t 3 =U 2 ' lt 2 =r;ti ^ W |t 3=M3 / 1*2=17*1 V W |t 3 =7)*l / 1*2=7) *1 

Denote by G(ti) the sum of residues in the left hand side of the above formula, or equivalcntly, the 
sum of residues in the right hand side of the above formula. The function G can have poles only at the 
following points: p s n~ r ui, p s n r U2, p s n r u 3 , r = 0, 1, 2 , s e Z , because at any other point at least one 
of the defining expressions for the function G has no pole. Hence, we have that 

2 2 

-VResG(ti)| , = V (ResG(ii)l , + Res G(h)\ , ). 

^ V '1*1=7) 'ill i-^l y V 'lti=77 S U2 '\t 1 =TI S U3'' 

S = S = 

Substituting respectively the left (right) hand side definition of the function G into the left (right) hand 
side of the above formula, we obtain that 

t 3 =ui j ( t 3 = Ui 
t 2 = rT 1 ?/! > < t 2 = fT^i 
h = r]~ 2 ui I I h = rf x u x 
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h = u 3 

h = V u 3 } + { h=u 2 } + { t 2 =u 2 } + { t 2 = r)t\ ) + 
h = r) 2 u 3 




h-- 

whcre we use the notation < t 2 = b > = Res ( Res ( Res Fit) I ) I ) I 

I I v v v '\t 3 =c J \t 2 =b J \t 1= a 

t\ = a 

To complete the proof we have to transform the multiple residues to the form (2.34). This is straight- 
forward under the assumptions of the lemma because at each step we have to calculate residues only 
at simple poles and the function F is symmetric. The transformation can be done term by term, for 
instance, 

Res(Res(Res F(t)\ )\ )\ = Res ( Res ( Res F(t) I )| )| 

V V l*3=U2 1*2=17*1 I tl=«3 l*3=«2 l*l="3 l*2=»)M3 

= Res (Res (Res F(t)\ )\ )\ 

V V It3="3 l*2='J"3 1*1=1*2 

The lemma is proved. □ 

Appendix D. The q-Selberg integral 

In this section we give proofs of formulae (5.13) and (D.9). The last formula is equivalent to the 
formula for the g-Selberg integral, see [AK, Theorem 3.2]. 

Denote by F(t\, . . . ,tg;a,b,c) the integrand of the integral (5.13): 

Proof of formula (5.13). Consider the integral in the left hand side of (5.13) as a function of c and 
denote it by S(c) . Let /(c) be the ratio of S(c) and the right hand side of formula (5.13). 
The function 5(c) satisfies a difference equation 

(D.2) S(pc) = S(c) f[ ir a '*"' /r 



s=0 



x s be 



cf. Corollary D.6. The right hand side of formula (5.13) solves the same difference equation with respect 
to c. Therefore, /(c) is a p -periodic function: f(pc) = f(c). 

S(c) is a holomorphic function of c on C x , since the integrand F(ti, . . . ,te;a,b,c) is a holomorphic 
function of c on C x and the integration contour is compact. So, the function /(c) is regular in the 
annulus \pa\ < |c| < of width greater than \p\ . Hence, /(c) is a holomorphic function of c on 

C x , and therefore, /(c) is a constant function. 

We will show that / = 1 by induction with respect to I. We will indicate the dependence of I 
explicitly, that is S(c) = Sg(c) and / = fg . The trivial case I = provides the base of the induction. 

Formulae (2.30) and (B.5) after a suitable change of notation give the following identity: 

fc=l s=l V ; ctgS* fc=l l<j<k^ V CTfc/ a l> 

t 

Replace the product Yl 0{ctk) in the integrand F{t\, . . . ,tg) by the right hand side of the identity. 

fe=i 

Since the rest of the integrand is a symmetric function in t\,...,tt and the integration contour is 
invariant with respect to permutations of the variables ti,...,tg, we can keep in the sum only the 
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term corresponding to the identity permutation and then multiply the result of the integration by l \ . 
Therefore, we have that 

^ - L l\ 7 M Woo (Woo , ^ (^/* fc )co 

Let c = pa; 1- ^ -1 . Then the integrand of the above integral is regular in the punctured disk < 
ii| < 1 and has a simple pole at t\ = . Perfoming the integration with respect to t\ we obtain 



Sdp-r' '>> l ) = ■l,n{p )oo ^S ! yips n '). 



The right hand side of formula (5.13) satisfies the same recurrence relation with respect to £. Hence, 
fe = fl-i , which completes the proof. □ 

(D.3) Lemma. Let X k = J t\. ..t k F{t\ , . . . ,te;a,b,c) df't , k = 0, . . . , £ . The following recurrence 



ft 

relation holds: 



k(l-x<- k + 1 )( P -x k - 1 bc) 
k k ^ (l-k+l)(l-x k )(px"- k a-c) ' 

Proof. Consider the integrals 

(D.4) X k = /(l - ah)t 2 , , t k TT Xt 1 ~ l J F(t u ...,t e ;a, b, c) dH , 

k = 1, ...,£. Notice that the integrands are regular on since F(ti, . . . , te ; a, b, c) vanishes at all 
diagonals U = tj . 

Replacing t\ by ti/p in the integrand and using the explicit formula for F(ti, . . . , te; a, b, c) we 
obtain that 

X k = [ p- l c{b-t 1 )t 2 ,...,t k TT t ±Z^h. F(t 1 ,...,tt;a,b,c)d?t 
J 7-o *i ^ tj 



j=2 



where T p = {t\ G C |ii| = p} . The integrand considered as a function of t\ is regular in the annulus 
P ^ \ti\ ^ 1 • Therefore, we can replace the integration contour T p x T^ 1 in the above integral by T £ 
without changing the integral: 

p- 1 c{b-t 1 )t 2 ,...,t k TT - - X 1 F{t u ...,t e ;a,b,c)d e t. 

t- 2 ti - tj 

ft 3 

Since the integration contour T e is invariant with respect to permutations of the variables t\,. . . ,te, 
we can symmetrize the integrands in the formulae for Xq, . . . , Xe and X\, . . . , Xe . Then formula (D.4) 
and the first two identities (D.7) imply that 

(l-x)X k =— — X fc _i alt, k = l,...,£, 

t — k + 1 /c 

and formula (D.5) and the last two identities (D.7) imply that 

(l-a;)X fe = fc + 1 p'^clt-i — p~ 1 cX k , k=l,...,£, 

because the function F(t\, . . . ,tg;a,b,c) is symmetric in the variables t\, . . . ,te . The rest of the proof 
is obvious. The lemma is proved. □ 
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(D.6) Corollary. The difference equation (D.2) holds. 

Proof. The statement is clear since S(c) = X n and S(c/p) = (—c/p) e Xe . □ 
(D.7) Lemma. The following identities hold: 

k (i-x) e (^■■■t n fl^r L ) - ^- k -A E *-!■■■*■ 

(£-k)(l-x) J2 (■ 



fc(l-z) E (*. 

























-t ai 







-1 

ta t ■ ■ ■ t<?k \\ ~T ~7 ) = (1 — ^ ) t ai . . . t ak , 

aes? - j=i tai ^ aes? 



CI • • • "Ok 

crGS* J=2 "' rrfeS' 

£ (^...^ Jj^^a) = (x fe -^) E*-i 

aes? j=i CTl ^ aes^ 

Proof. The left hand sides of the above formulae are homogeneous symmetric polynomials in the variables 
ti,...,tt of the homogeneous degree k and of degree one in each of the variables t\, . . . , te . Hence, they 
are proportional to Y] . . . t ak . 

Restrict the polynomials in question to the line tj — x^~ x t\ , j = !,...,£, and use the following 
identity 

e ^=n^' 

0<n<...<r fc << s=0 

Then the calculation of the proportionality coefficients is straighforward. Identity (D.8) can be proved 
by induction with respect to I . □ 

Let t 

of. . n rr (g*fc)oo tt ( 1 -t k /tj)(px Hk/tj)^ 

(D.9) Theorem. Let \u\ < min (1, \x e ~ 1 \) . Then 

JL, ~ ■£ (e-i+i)n -E (i-l)(£-i+l)r 4 . . . . , 

EE w x ^ ri ,p ri+r2 x,..., P ri+ -+^x £ - 1 ) = 

fc=l r fc =0 

(P) 

provided the parameters a and x are such that all the terms of the sum are regular. 

Proof. The sum in the left hand side of the formula is absolutely convergent and, hence, defines an ana- 
lytic function of the parameters a, u, x . Therefore, it suffices to prove the formula under the assumption 
|a| < 1, \x\ < 1 . 

Under this assumption formula (D.9) follows from formula (5.13) and Lemma D.10, since the sum 
in formula (D.9) is proportional term by term to the sum in formula (D.10) if we identify a = ab , 

e-i 

u = pb^ 1 c^ 1 and the proportionality coefficient equals J| (^(p)'^ o /9(x^ s u)) . □ 

s =a 

(D.10) Lemma. Let \a\ < 1, |6| < 1, \x\ < 1 and |a^ _1 6c| > \p\ . Then 
jF(t u ...,t e ;a, b ,c) d h = 

l oo 

= (2m) l l\ E E Res(Res(... Res F(h, ... ,t e ;a,b,c)\ ...)| )| 

k=l r fc =0 
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Proof. We begin the proof with the next identity which follows from formulae (B.5), (B.6) after a suitable 
change of notations: 

0(ct k ) _ ^ 9(px s bc) 

X 



f ^ e{x iHk-w-i-t) ibc) k-i-% k _j tak ) e{xt a jt 

^.Ul 6(xt„, JUT) .11 



0(xu k _jt ak ) iJ^/^WO 

where do = 0. Here and below we set to — x~ 1 b. Using the identity we obtain that 
(D.ll) J F(t 1 ,...,t t ;a,b,c)dH = t\ J F(t u . . . ,t t ) dH , 

< ejxW-w-i-Qjbcy-i-H^Miptk/b^ n (l -**/*,•) (par V*i)c 



0(*tfc-i/tk) (<***)«, K7<fe^ (xtk/tj)^ 

This step is similar to the transformation of the integral in the proof of formula (5.13). 

Suppose that the variables t\, . . . , tt-\ are fixed and \tk\ = 1 , k = 1, . . . ,£ — 1 . Then poles of the 
function F(ti,...,te) in the punctured disk < \te\ < 1 form the following set: {p r b | r gZ^ }- 
Hence, 

J F(ti, ...,ti) d e t = J F{t u ...,t t )dH + 2m E J Res . . . '^)| t< _ p r a . t< _ i ^ _1 *) 

where Tj = {t< £ C | |^| = ?/} , £ is an arbitrary positive number between \p\ and 1 , and the residues 
are calculated with respect to the variable ti , all other variables being fixed. Due to the functional 
relation 

£—1 

F(ti, . . .,te-i,pt e ) _ !_ e j 1 - atg -pr (t k - pt e ) (t k - xt t ) 
F{tx,...,tt) ~ X l-pb-Ht 1 = 1 {th-U)(t k -px-Ht) 

we see that F{t\, . . . ,te) = 0( y (x i ~ 1 bc)~ s ^ uniformly at T £_1 x T p s XE and 



ResF(t 1 ,...,t e )\ = OipHx^bc)- 3 ) 

\tg=p xte-i v ' 



as s — > oo. Therefore, 



/oo 
F(t 1 ,...,t e )d e t = 2m V Res F(t u ...,tA\ d l ~H. 
J \t t =pxtt-i 



fl r—0 Yl—l 



Similarly to the previous consideration we transform the integrals in the right hand side of the above 
formula and obtain that 



~ oo oo ~ 

J nt lt ...,t t )d<t = vmf EE/ Res ( Res ^>---'^l^^_ 1 )| t ,_ 1 = P - 1 ^_ 2 ^- 

J n ^ . . — n J 



j t r e =0 r^_i=0 T£ _ 2 



It is clear that the order of summation is irrelevant. Repeating the procedure I times we get the following 
formula 



J F(t 1 ,...,t e )d e t = 



t oo 

:■>-;■: V V f(u tA. ..... 

\tg=p r Zxte-\ ' 1 1 2 — p 1 " 2 xt^' \ t^—p ri b 



= {2mf E E Res(Res(... Res F(t u . . . ,U)\ t 

k=l r k =0 
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which is equivalent to formula (D.10) because of relation (D.ll) and the equality 
Res ( Res ( . . . Res F(ti , . . . , U: a, b, c) I 



\t£—p T£ xip__i ' \ t 2 —p r2 xti ' \ti—p T1 b 

= Res(Res(... Res F(t 1} . . . ,t e )\ )l 

The lemma is proved. □ 

Appendix E. The multidimensional Askey-Roy formula and Askey's conjecture 

In this section we give proofs of formula (5.14) and Askey's conjecture [As, Conjecture 8], see formula 
(E.8). 

Proof of formula (5.14). Let n = 2 and k = p _1 7^ _1 £i~ £2" ■ Assume that parameters £1, £2,21, £2 
and 77 are generic. Consider formula (5.11). It takes the form 

(E.i) i(w ,w) = J] ^o.ipv^-'e^oo^^ooin 8 ^ 1 ^ 1 ^/^ 



Here and after we use the simplified notations: w = W(^o) 7 Wfc = W(£-fc,k) , fc = 0, . . . , and J 
denotes the hypergeometric integral (5.1) as usual. 

In the case in question the quotient space T dl {z)jQ!(z) is one-dimensional and is spanned by the 
equivalence class of the function Wq , see Lemma 2.39. Let y £ C xi be the following point: 

y = tf-VW-Vzi.-".^ 1 *!)- 

Lemma 2.37 means that for any element W(t) of the elliptic hypergeometric space J^u(z) of a fiber 
the function W(t)Wo(y) — Wo(t)W(y) is an element of the boundary subspace Q'(z) . Therefore, by 
Lemma 5.8 for any W £ T eU {z) we have that 

(E.2) I(W,w ) = I(Wo,w )^±. 

Let C be a nonzero complex number. The next function is an element of the space T eU {z) : 

(K3) W(t1 ' ' • ' ' 4<) = M o { ^t a / Zl) o(^t a/z2 ) J^ e • 

In particular, for ( = £ 2 _1 we get the function W • 

Let \zi\ = 1 22 1 = 1, |£i| < 1, Ip&l < 1 and |r/| > 1. Under these assumptions for any function 
W £ Jiu{z) the hypergeometric integral I(W,w ) is given by formula (5.3): 

I(W,w ) = J *(t)w (t)W(t) (dt/tf. 

Calculating the hypergeometric integral I(W,w ) for a function W of the form (E.3) via formulae 
(E.I) and (E.2) we obtain formula (5.14) for generic values of parameters a, b, c, a, f3, x up to a change 
of notations: 

(E.4) a = £i/zi, b = £ 2 /z2, c = pz 2 /(, a = £, 1 z 1 , /3=_p£> 2 2, x = rf x . 

Formula (5.14) extends to arbitrary values of parameters a, b, c, a, (3, x by the analytic continuation. □ 
Formula (5.14) admits the following modifications. 



64 



(E.5) Lemma. Let \a\ < 1 , \b\ < 1 , |a| < 1 , \[3\ < 1 , |z| < 1 . Tien 

J t}l tk (°**)oo (6*fc)oo («/**)» (/Woo i<Lfc</ (**i/*k)oo (P**fc/*j)oo 



(2«)' w^- 3)/2 n 



(px)^ (^ +s - 1 a6a/3) oc 6>(a; s ac) <9(x s 6c) 
^Ll (p^ 1 ^ (x^a^ (x'a/S)^ (x^a)^ (x s 6/3) c 



(E.6) Lemma. Let \a\ < 1 , \b\ < 1 , |a| < 1 , |/3| < 1 , |x| < 1 . Then 

tt B{yt k lc)B{x IL - 1 abct k ) j-r gfaAjjoo ^ = 

W t fc (at fc )oo (6*fc)oo (a/**)oo GWoo > ipxtj/t^ 



T e 



= (2«)« n 



UL (px^ 1 )^ (aj'oa)^ {x s a(3) 00 (x'ba)^ {x'bp)^ ' 

Proof of Lemma E.5. Denote by f{t\, . . . ,tf) the integrand in formula (5.14). Then the integrand in 
the first formula of the lemma equals 

f{t u ...M)( P )T i)/2 n 

l^jKk^t i k 

Sinee the integration contour is invariant with respect to permutations of the variables ti,...,te, 
the first formula follows from formula (5.14) and the next identity: 

t<74 Xt(j k -| r 1 X S 



e n f^ = ni 



The identity is equivalent to Corollary A. 2 up to a change of notations. □ 
The proof of Lemma E.6 is similar. 

Introduce points » s eC, s G Z , by the rule: 

(E.7) v s =p s b for s^O, u s =p~ s_1 a for s<0. 

Set < 



(E.8) Theorem. Let m be a nonnegative integer. Then 



2 sgn(r fc )A(i; ri ,...,i; r< ;p m ) JJ i£ 



( ,2m(£-fe) 

fe=l r fc GZ fc=l 



P 



. / ' i ,< <<< i / ' 1 4-r 1 (p m+1 )oo (p ro( ^ +5 " 1) a&o;/?) 00 (-a6) ms 60(a/6) 

s=0 



V3/ V 2 



Li (pm( S +l)+l )oo (pmsfltt)^ (p^a/3)^ ^ta)^ (p ms 6/3) c 



provided the parameters a, 6, a, /3 are such that all the terms of the sum are regular. Here sgn(r) = 1 
for r ^ , and sgn(r) = — 1 for r < . 

Remark. The above formula was conjectured by Askey [As, Conjecture 8]. There is the following corre- 
spondence of notations: 

p = q, a = —c, b = d, a = —q x /c, (3 — q y /d, m — k, £ = n 
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where notations in the left hand side are from this paper and notations in the right hand sides are from 

2(t)_(m\ ti\ 

[As]. The above formula differs from the conjectured formula in [As] by the factor p m V3/ \2J\2) . 

Remark. After this paper was written we found out that formula (E.8) was proved in [E]. 

Proof of Theorem E.8. The sum in the left hand side of the formula is absolutely convergent since 

i 

A(v ri ,...,v re ;p m )l[v^-V = 0( p l<-il+-+M) 
fe=i 

as ri| + ... + \re\ — > 00. Hence, the sum defines an analytic function of the parameters a,b,a,j3. 
Therefore, it suffices to prove the formula under the assumptions \a\ < 1 , \b\ < 1 , \a\ < 1 , \[3 < 1| . 

Consider the integral in the left hand side of formula (E.6) for x = p m , and denote the integrand by 
f(t\, . . . , tt) . The poles of the integrand are located at the hyperplanes 

tj = p~ 5 a _1 , tj = p^ 3 ^ 1 , tj = p s a , tj = p 8 (3 , 

j = 1, . . . , £ , s E Z^o • Due to Lemma E.6 the formula (E.8) is equivalent to the next formula 

(E.9) Jf(h,...,te)d e t = 

= i-W E E Res ( Res (--- Rcs /^'---'^)| tf=< --0| t2=< )| tl=<; 

k—l Tfcdilj 

since the sum of residues in the right hand side coincides with the sum in the left hand side of formula 
(E.8). Formula (E.9) can be proved by standard arguments, cf. definition (E.7) of points v s , s e Z. 
The theorem is proved. □ 

Theorem E.8 admits the following generalization. Set 

ai \ TT u kipuk/a)o (pu k /b) 00 -r-r {l-u k /u j )(px- 1 u k /u j ) 00 
A( Ul ,...,u t ,x) = [I [I 



k=i (^)oo(/3^)oo (xu k / Uj ) c 



(E.10) Theorem. Let \px t ' 1 \ < 1. Then 



t 



<-^ j 5 ( £ - i )( £ - 4+1 )^-( £ ^- 1 )( £ -^( 1+2 5 r -)/ 2 'A 1 o(x j+s a/b) 

^ n f^ ^} > X ' =1 11 0{xi~'a/b) 

j=0 k=l r k =0 s=0 y 1 ' 



X 



x A(p ri a,p ri+r2 xa, . . . ,p ri+ - +r i x^cp^+'b, . . . ,p r i+ 1+ - +re x i - j - 1 b;x) 

= TT (*)«, (x^-'abaP)^ b9(x s a/b) 



o {x^) 00 {x s aa) 00 {x s af3) 00 {x s ba) 00 {x s bp) c 



provided the parameters a, b, a, (3, x are such that all the terms of the sum are regular. 

Proof. The proof is similar to the proof of the previous Theorem. The terms of the sum behave as 
0((px e ~ 1 ) Tl+ "' +rf ) for n + . . . + re going to infinity. Hence, the sum is absolutely convergent and 
defines an analytic function of the parameters a, b, a, f3,x . Therefore, it suffices to prove the formula 
under the assumptions |a| < 1 , \b\ < 1 , |a| < 1 , \[3 < 1| , \x\ < 1 . 

Consider the integral in the left hand side of formula (5.14) and denote the integrand by /(ti, . . . , 
ti) . The poles of the integrand are located at the hyperplanes 

tj = p^ s a^ , tj = p^ s b^ , tj = p s a , tj = p s (3 , 

j = 1, . . . , I , s G Z^ , and at the hyperplanes 

tj=p s xt k , j,k = l,...,£, j^k, seZ^o- 

66 



Moreover, the integrand vanishes at the hyperplancs 



tj=p s t k , j,k = l,...,£, j^k, seZ, 

and it is a symmetric function of the integration variables t\,...,te. Using these properties of the 
integrand by standard arguments we obtain the following formula 



/ 



(E.11) / f{t u ...,t e )d e t = {2ni) e e\ x 



X EEE Res(... Res ( Res ( ... R*» ■ ■ ■ ,*/)| t/=p - r<x -i t< i 

j=0 fe=l r k =0 



Formula (E.ll) is a particular case of formula (F.2). We will give a detailed proof of a more general 
formula in Appendix F. 

Due to formula (5.14) the formula (E.10) is equivalent to formula (E.ll) since the sum of residues in 
the right hand side of formula (E.ll) coisides with the sum in the left hand side of formula (E.10). □ 

Appendix F. The Jackson integrals via the hypergeometric integrals 

In this section we present two theorems which connect the hypergeometric integrals described in this 
paper with symmetric A-type Jackson integrals. 

Let s = (si, . . . , si) be a vector with integer components. For any [ G define the points x > 
(l,s), y< ([,s) G C x£ as follows: 

ar>(I,s) = b Sl+ - +Sl 1 77 1 - |l CiZi,p S2+ - +s ' 1 ?7 2 - |i a^,...,P Sll C^i, 

pSIl + 1 + ... +SIl+l2 v l~^ Z2i . . . , p^&z 2 , . . . , p«-<«+* + - + «n 1 - l »S n Z n , P Se ZnZn) , 

y< ([,8) - {p" + -" +a W 1 - 1 £ 1 zi,P'' + -" + ' h ri ll - 2 ZT 1 zi, ■ ■ ■ ,f> Sll £i~V 

pS , 1+1+ ... +s , 1+ , 2??[2 -l^-l /22; _ _ ^ Sll+l2 ^-l z ^ ;pS ,_ I „ +1 + ... +S , r/1 „-l c l Znj _ p*^-l Zn ) , 

cf. (2.35). In particular, for s = (0, . . . ,0) we have x>(l, s) = x>l and y< (I, s) = y< I. 

Recall, that the short phase function <f>(t, z) is given by formula (5.2) and we define the multiple 
residue by formula (2.34). Set $(t, z) = tT 1 . . . tj 1 ®^, z) . 

n 

(F.l) Theorem. Let \pn T\ < min (1, \r,\ 1 - t ) . Let (2.13) - (2.15) hold. Then for any functions 

m— 1 

w 6 -T 7 ^) and W G ^(2) we have that 



I(W,w) = (2ni) e £l Res(&{t)w{t)W(t)) 



t=a;>(m,s) 



(F.2) Theorem. Let \k f[ £ m | > max (1, M^ 1 ) . Let (2.13) - (2.15) hold. Then for any functions 

m—l 

w G .^(z) and W G ^(z) we have that 



i(w,w) = {-imfti Y Y R es (*Ww(t)iu(t))| 4 _ 



i=y<i(m,s) 



Proof of Theorem F.l. We prove the theorem assuming that the functions w and W are the trigono- 
metric and elliptic weight function, respectively. For arbitrary functions w and W the statement holds 
by linearity. 

n 

Let £ = max (1, |ry|^ _1 ) \pn Yl Cm 1 > tnat i s < C < 1 under the assumptions of the theorem. Using 

m— 1 
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the functional relation 



, F ^ ■ ■ ■ ,pt a , . . .,tj)W[t 1 , . . . ,pt a , ...,te) = -pr £ m tg - Zm TT fg ~ r)t b yr t a ~ pT)t b 

^(t 1 ,...,t i )W(t 1 ,...,t e ) ' ' ^ ^ ta ~t mZm a\k^ ta ~ th lkb<a Prnta ~ tb ' 

a = 1, ...,£, we estimate the residues: Res($(i)io(i) W(i)) | t _ ( ^ = 0(£ s i+--- +;s <!) , and obtain that 

the sum is absolutely convergent. Therefore, the sum defines an analytic function of the parameters 
r], £1, . . . ,£ n , zi, . . . , z n , and it suffices to prove the formula under the assumptions that \n\ > 1 and 
\z m \ = 1 , |£m| < 1 , m = 1, . . . ,n. 

Under these assumptions the hypergeometric integral I[W, w) is given by formula (5.3) and the claim 
of the theorem is equivalent to Lemma F.4 for / = 1 . Theorem F.l is proved. □ 

n 

(F.4) Lemma. Let \n\ > 1 and \&zi\ < \£m lz m\ for all l,m = l,...,n. Let \pn Y[ Cm 1 < 1- Let 

m— 1 

(2.13) - (2.15) hold. Let a be a real number such that max (|£izi|, . . . , \£ n z n \) < a < min (|£r lz il' 
...,|^- 1 ^|). Then, 



f $(t)w(t)W(t)f(t) {dt/tf = (2ni) e e\ E Res(<f(*MW*)/W) 



t=a;>(m,s) 



for any symmetric function f(t) regular inside the torus T e a = {t G C £ | |ti | = ck , ... , |^| = a} . 

Proof. We prove the lemma by induction with respect to £, the number of integrations. 

Notice that the integral does not change if we replace the integration contour in the integral by T Ql x 
. . . x T ae , where a\, . . . , ae are pairwise distinct real numbers close to a . 

Similar to the proof of Theorem F.l we see that the sum of residues is absolutely convergent. Hence, 
the sum defines a holomorphic function of the parameters rj , £i , . . . , £ n , Z\ , . . . , z n , and the same does 
the integral in the left hand side of formula (F.4). Therefore, without loss of generality we can assume 
that all the numbers |p s a m | , \p s ^ m z m \ , m = 1, . . . , n , s£ Zj, , ar e pairwise distinct. 

Replace the integration contour in the integral by T eai x . . . x T eat for real e , so that at s = 1 
we have the initial integral. If e is decreasing starting from 1 , the integral is not changing until the 
integration contour touches one of the hyperplanes where the integrand has a pole. And every time when 
the integration contour crosses the singularity hyperplanc we pick up the integral of dimension I — 1 
of the corresponding residue. Notice that during the described deformation the integration contour can 
touch only the singularity hyperplanes of the form t a = p s ^ m z m , s G Zj> • Finally, for any positive 
integer r we get 

J $(t)w(t)W(t)f(t) [dt/tf - J $(t)w(t)W(t)f(t) [dt/tf + 

a p r a 

+ 2m T, {r )j Rfis(*J 1 *W«'WW(t)/(t))| to=p . Ujera (dt/t) / - 1 ) 

where each term of the sum 5Z( r ) corresponds to a passing of the integration contour through a singu- 
larity hyperplane when s goes from 1 to p r . 
Using relation (F.3) it is easy to show that 

n * 

$[t)™(t)w[t)f[t) [dt/tf = o[\ P kU C 1 ! ) 

as r — > oo . Hence, the integral disappears as r — > oo . 

All integrals of smaller dimension in the sum X^( r ) are °f ^ ne same form as the initial integral and 
can be replaced by the sums of residues according to formula (F.4) because of the induction assumption. 
Since $(t) w[t) W[t) f[t) is a symmetric function of ti,. . . ,t(, it is straightforward to show that the 
resulting sum of residues can be transformed to the sum in the right hand side of formula (F.4). The 
lemma is proved. □ 
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The proof of Theorem F.2 is similar to the proof of Theorem F.l. 



The sums of residues in formulae (F.l) and (F.2) coincide with symmetric A-type Jackson integrals, 
see for example [AK]. This means that the transition functions between asymptotic solutions of the 
qKZ equation coincide with the connection matrices for symmetric A-type Jackson integrals. The Gauss 
decomposition of the connection matrices studied in [AK] is related to Lemmas B.10 and 7.6 in this 
paper. 

Appendix G. One useful identity 

Particular specializations of the following identity: 

(j + a\ fj + k + a\ SI + m - a\ _ fj + k\ fj + k + I + m + 1 
( ' j j ){ k ){ m ) ~ { k ){ j + k + m+1 



are often used in the paper. The identity can be proved by induction with respect to I and m . 
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Abstract. The trigonometric quantized Knizhnik-Zamolodchikov (qKZ) equation associated with 
the quantum group U q {si2) is a system of linear difference equations with values in a tensor product 
of U q {si2) Vcrma modules. We solve the equation in terms of multidimensional q-hypergeometric 
functions and define a natural isomorphism of the space of solutions and the tensor product of 
the corresponding evaluation Verma modules over the elliptic quantum group E pn (s{2) where 
parameters p and 7 are related to the parameter q of the quantum group J7<j(s[ 2 ) and the step 
p of the qKZ equation via p — e 2mp and q = e~ 27 ™ 7 . 

We construct asymptotic solutions associated with suitable asymptotic zones and compute the 
transition functions between the asymptotic solutions in terms of the dynamical elliptic i?-matrices. 
This description of the transition functions gives a connection between representation theories of 
the quantum loop algebra U q (gl 2 ) and the elliptic quantum group E Pt7 (sl2) and is analogous to 
the Kohno-Drinfcld theorem on the monodromy group of the differential KZ equation. 

In order to establish these results we construct a discrete Gauss-Manin connection, in particular, 
a suitable discrete local system, discrete homology and cohomology groups with coefficients in this 
local system, and identify an associated difference equation with the qKZ equation. 



